Seifert fibred homology 3-spheres and the Yang-Mills equations on Riemann surfaces with marked points  by Furuta, Mikio & Steer, Brian
ADVANCES IN MATHEMATICS 96, 38-102 (1992) 
Seifert Fibred Homology 3-Spheres and 
the Yang-Mills Equations on 
Riemann Surfaces with Marked Points 
MIKIO FURUTA * 
University of Tokyo, Hongo Tokyo 113, Japan, and 
Mathematical Institute, University of Oxford, 
24-29 St. Giles’, Oxford OX1 3LB, United Kingdom 
AND 
BRIAN STEER 
Hertford College and Mathematical Institute, University of Oxford, 
24-29 St. Giles’, Oxford OXI 3LB, United Kingdom 
In [9], A. Floer considered the Chern-Simons functional on the space 
of connexions on a homology 3-sphere C and, using Morse theoretic 
methods, defined periodic homology groups HZ,(C). The Euler charac- 
teristic of the homology turns out to be twice Casson’s invariant [34] and 
the critical points of the functional itself were identified as the flat con- 
nexions on the trivial SU(2)-bundle over C. This paper was motivated by 
a wish to know what these groups are when C is a Seifert fibred homology 
sphere. Large steps towards realizing this were taken by E. B. Nasatyr [20] 
and, especially, by R. Fintushel and R. Stern in [8], where the indices of 
the critical manifolds (of the Chern-Simons functional) were calculated. 
These indices are all even and the manifolds themselves even-dimensional. 
Fintushel and Stern completed the computation when the critical manifolds 
were all either points or 2-spheres, so including all cases with 3 or 4 excep- 
tional orbits. They conjectured that in general the Floer (or instanton) 
homology groups were the direct sum, with the appropriate indices, of the 
homology of the critical manifolds. We show that this is so. 
One can set about computing the homology of the critical manifolds in 
several ways. P. A. Kirk and E. P. Klassen [ 153 construct a Morse func- 
tion on the spaces directly, using the explicit description of the fundamental 
group of C. Their argument gives an (inductive) algorithm for computing 
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HZ,(C). S. Bauer and C. Okonek [3], on the other hand, proceed by 
considering elliptic surfaces. They use powerful tools, including both 
S. K. Donaldson’s solution of the Hitchin-Kobayashi conjecture and the 
Weil-Deligne theorem. Because of the latter, they work over the rationals. 
Much information is obtained, but none on torsion. (They were the first to 
prove the rationality of the critical manifolds, which have a natural 
complex structure). Our approach is through Riemann surfaces and the 
Yang-Mills equations. This makes the algebraic geometry less difficult, but 
the price we pay is that we must work either equivariantly (using the 
uniformization theorem) or with holomorphic objects which have mild 
singularities: objects we call, following [27], V-surfaces and V-bundles. 
The two methods are essentially equivalent, but most of the time we think 
in the category of V-manifolds. It seems the more natural as, we hope, the 
reinterpretation in Section 2 of a theorem of Seifert shows. (A V-surface is 
just a 2-dimensional orbifold, and a V-bundle is the corresponding notion 
of “bundle.” We use the older term, though it is less appealing and infor- 
mative, because we know no analogous word to describe the corresponding 
notion of “bundle.“) Instead of Donaldson’s theorem we use a generaliza- 
tion of the theorem of M. S. Narasimhan and C. S. Seshadri [19] to such 
V-bundles. This generalization is essentially the theorem of V. B. Mehta 
and C. S. Seshadri [17], but we cannot just use their result as we need the 
case when g = 0, a case excluded in their theorem. We use the method of 
S. K. Donaldson [6] to prove the extension. 
For us, a crucial observation was that the universal central extension of 
[I] is just the fundamental group of the circle bundle of the unique line 
bundle with Chern class 1. Consequently the work of [l] identifies the 
moduli spaces of representations of this group in terms of stable bundles. 
Seifert homology spheres are not boundaries of disc bundles over Riemann 
surfaces. However, if we use the uniformization theorem 1.1 we see that a 
Seifert homology sphere is the quotient, by some finite group D, of the 
circle bundle associated to an equivariant line bundle over a Riemann sur- 
face N with (non-free) D-action. This Riemann surface may have very large 
genus although N/D g P’. The simplicity of the situation is only apparent 
if we use V-bundles because then z = S(L,), where L, is the fundamental 
line V-bundle over a V-surface M whose underlying surface is in P’. So the 
core of this paper is the material of Sections 3 and 4 where the Yang-Mills 
theory is extended to Riemann V-surfaces (or Riemann surfaces with 
marked points) and then applied to give information on the moduli spaces 
of representations of the fundamental group of a closed compact Seifert 
fibred orbifold; in particular, of such Seifert fibred manifolds. Naturally this 
paper depends heavily on the fundamental paper [l] of M. F. Atiyah and 
R. Bott. Section 3 is a commentary on Sections 5 and 6 of that paper with 
an extension of its results to V-bundles over Riemann V-surfaces. When the 
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isotropy groups at the marked points, or the “ramification points,” have 
coprime orders we find an exact analogue of their results (Theorem 4.1). 
Our debt to that paper will be apparent in other sections as well. 
The theory of [l] has already been extended to parabolic bundles when 
the genus is greater than or equal to 2. This was done by N. Nitsure [23]. 
In view of the equivalence between V-bundles and parabolic bundles 
described in Section 5, it may be asked why we do not simply use his work. 
There are two reasons. We give relations between the moduli spaces of 
V-bundles and spaces of flat connexions on certain 3-manifolds: this has no 
apparent analogue in the context of parabolic bundles. (We would need to 
consider connexions on the parabolic bundle with some prescribed 
singularity: the V-bundle notion seems, in fact, to be an effective way of 
handling this when the weights are rational. It is analogous to the handling 
of functions with poles by using line bundles.) Also, our main concern is 
with genus 0, a case not covered in [23]. 
After an account of V-bundles over a Riemann V-surface in Section 1 we 
recall how line V-bundles are related to Seifert librations in Section 2. Then 
in Section 3 the Yang-Mills theory on V-bundles over a Riemann V-surface 
is described, to be followed in Section 4 by applications to moduli space of 
representations of fundamental groups of Seifert libred manifolds. It is here 
that we complete work of R. Fintushel and R. Stern [S] by showing that 
the moduli spaces are torsion-free smooth varieties, without odd-dimen- 
sional homology if the base is the Riemann sphere with marked points. 
This result depends upon the algebraic topology of Section 7. Their 
cohomology is calculated by a formula which is theoretically computable 
and we give three examples of the results of such computation. 
Section 5 shows that the category of holomorphic V-bundles over 
Riemann surface M with marked points pi, . . . . pn and ramification indices 
tli, . . . . tl, is nearly equivalent to that of parabolic bundles over M with 
rational weights having denominator tl, at pi. The objects are in bijective 
correspondence and the corresponding automorphism groups (gauge 
group) are homotopy equivalent. Not only this, but the notions of stability 
(and semi-stability) coincide. This has the main advantage that we can 
calculate the cohomology of the gauge group of a V-bundle by passing to 
the gauge group of the associated parabolic bundle; a group much easier 
to handle as it is a subgroup of the gauge group of the underlying bundle. 
Its cohomology was calculated in [23]. We note this result in Section 7 
where we give also a criterion for semi-stability to imply stability and note 
that the stratification is equivariantly perfect. 
A second advantage is that because the moduli spaces of stable and semi- 
stable bundles coincide we could use the results of Mehta, Seshadri, and 
their school to compute the cohomology. Unfortunately they always sup- 
pose the genus g 2 2 whereas we are interested especially in g = 0. In fact, 
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many of their results hold if 2g- 2 + C’= I (1 - l/a,) > 0: for parabolic 
bundles with rational weights (of denominator CQ at pi) this seems the 
natural condition. Using an extension of the new proof by S. K. Donaldson 
[6] of the theorem of Narasimhan and Seshadri we establish in Section 6 
an analogue of their theorem [17, 5.33. (The difficulty in passing directly 
from the Yang-Mills theory on V-bundles to that on parabolic bundles 
seems to reside in the fact that we use coverings and holomorphic functions 
to construct the equivalence while the Yang-Mills theory uses the 
a-operator. In each case the two methods of parametrizing the 
holomorphic bundles-sheaf cohomology and &operators-agree, but we 
cannot carry this across and have a gap.) 
Finally, in Section 8, we show that if g = 0 then the moduli spaces are 
rational varieties. From this we know that they all admit a perfect Morse 
function and hence we can complete the computation of Floer’s instanton 
homology. 
In this paper we also try to show how the basic theory of Seifert tibred 
manifolds can be reconstructed using V-notions systematically when the 
base orbifolds are V-oriented. V-homotopy groups and V-cohomology 
groups are defined in Section 2. Seifert libred manifolds of the form T\G 
are also discussed there. In Section 4 we briefly indicate how the universal 
Yang-Mills V-connexion is constructed in terms of the first and the second 
V-homotopy groups. The existence of geometric structure on Seifert libred 
manifolds is explained in Section 8 when the base V-surface is uniformized. 
The authors are grateful to Sir Michael Atiyah, to S. K. Donaldson for 
all his comments, especially on a degenerate Morse function and the 
instanton homology, and to E. B. Nasatyr for valuable discussions. 
1. V-SURFACES AND V-BUNDLES 
The quotient space r\X is a basic example of an orbifold or 
V-manifold. A V-manifold M [27, 131 with a finite number of exceptional 
points is a Hausdorff space with n marked points pl, . . . . pn and corre- 
sponding linear representations (to be called isotropy representations) 
oi: Fi + Aut Rk of a finite group Fi, such that Fi acts freely on Rk\{O}, 
together with an atlas of coordinate charts 
cpi: Ui + Dk/ai, 1 <i<n; 
‘pp: Up+Dk, PEM\{Pll ..‘Y Pn>. 
There is the corresponding concept of a (complex) vector V-bundle E, 
where at p,, . . . . p,, we ask for isotropy representations zi: Fi + Aut(C’) and 
local trivializations 19~: E 1 Ui + Dk x C/o, x ri, 1 d i < n. All the usual 
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notions extend and, in particular, we can define what is meant by a com- 
plex V-manifold and a holomorphic V-bundle-also what is meant by a 
principal V-bundle with group G. The Riemann-Roth theorem extends to 
holomorphic V-bundles over compact complex V-manifolds [ 141. 
We shall be concerned mostly, if not exclusively, with dimension 2 and 
we shall suppose that the V-surface M is oriented. In this instance the 
V-surface is smooth and the concept is, in fact, that of a smooth oriented 
surface with ramification points [4]. The group Fi has to be cyclic (because 
gi: Fi -+ 972) is faithful) and the isotropy data are then determined com- 
pletely by the order ai of the group F, (because up to automorphism any 
two faithful representations of a cyclic group are equivalent). Standard 
examples are r\~? and D\N, where r is a cocompact Fuchsian group 
acting on the upper half-plane X’ and D is a finite group acting effectively 
on a compact Riemann surface N. These are essentially the only examples; 
see, e.g., [26, 281. 
THEOREM 1.1. Any oriented compact V-surface A4 of genus g has the 
form r\X if 
0) g> 1; 
(ii) g= 1, n#O; 
(iii) g=O, n-2>~~=l l/ai. 
These conditions can be summed up by requiring 
x(M)=2-2g- i 1-t <o. 
i= 1 ( .) 
THEOREM 1.2. Any compact oriented V-surface M, with n > 3 or n = 2 
and a1 # a2 tf g = 0, has the form D\N, where N is a compact Riemann 
surface and D is a finite group acting effectively. 
In most cases this follows from Theorem 1.1 using a theorem of Fox 
[lo] (or Selberg [ 3 1 ] ). The second theorem has a corresponding extension 
to V-bundles. 
THEOREM 1.3. Zf the compact oriented V-surface A4 has the form D\N 
then there is a bijective correspondence between isomorphism classes of 
complex V-bundles over M and equivariant isomorphism classes of complex 
vector bundles over N with a D-action. 
For us, the significance of Theorems 1.2 and 1.3 is that they enable us to 
state a theorem in terms of V-manifolds yet establish the result using 
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equivariant methods-and vice versa. The assertions above hold both for 
smooth and for holomorphic V-manifolds and V-bundles. 
In fact most statements for the D-equivariant situation have their 
V-versions even when Theorem 1.2 cannot be applied. They could be 
proved for V-surfaces directly by arguments similar to those for Riemann 
surfaces. We often use Theorem 1.2 to save tedious arguments although it 
might be better to use V-notions systematically throughout. 
Line V-bundles correspond to Seifert librations when the corresponding 
circle bundles are taken. (Strictly speaking, line V-bundles L with faithful 
isotropy representations so that they have smooth circle bundles S(L). This 
gives a definition of Seifert libration.) To be definite, a choice of orientation 
has to be made. Here we make the choice, used by [24], of the tangent 
frame of S(L) followed by the inward-pointing normal. (The reason for this 
choice is the following. If we identify PSL,R with the bundle of unit 
tangent vectors to %’ by g H (gi, g’( 1)) then (A, H) gives the canonical 
orientation of X and the canonical orientation of TX’ is given by the 
frame (A, H, d/d?, K), where K, A, H are as in [29] and d/dt is the radial 
vector. The standard orientation for PSL,(R) is given by the frame 
(K, A, H), so that if we wish for consistency we must make the above 
choice.) With this choice, if we take u;: Z/a, + U(1) to be the standard 
representation then ri= afP’, 0 <pi< a;, and the (oriented) Seifert 
invariants of S(L) are 
(k g; (aI, PI), -., (a,, B,)) 
in the notation of [24,25]. (In the notation of [26,21] the Seifert 
invariants would be (-b-s; g; (a,, a, -PI), . . . . (a,, a,, - j?,)), where 
s= l{i:fii#O}l b ecause, by convention, a pair (a,, pl)-or (ai, ai - piEis 
deleted if pi= 0. We have also suppressed 7; and t as they are zero.) The 
classification of line V-bundles is that of oriented closed Seifert librations 
without boundary. 
PROPOSITION 1.4. The isomorphism classes of line V-bundles on M with 
isotropy I$’ 7 -.., ok at pl, . . . . p, are in bijective correspondence with the 
integers. 
The correspondence is given, essentially, by the first Chern class. This 
may be defined using the Chern-Weil theory as in [ 141. Here we can 
use Theorem 1.3 and define, for any complex V-bundle E over M, 
c,(E)= c,(E)/lol, where 8 is the corresponding D-bundle over A’. Note 
that 
. 
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If we now suppose that everything is holomorphic, the holomorphic 
Lefschetz formula of [2] gives the Riemann-Roth formula for V-bundles 
[14] when the base is a surface. 
THEOREM 1.5. If L is a holomorphic line V-bundle over A4 with isotropy 
CT? (O<Bi<ai) atp, (l<i<n), then 
dimH”(M,L)-dimH1(M,L)=l-g+c,(L)-i~,~. 
I 
(We can think of H*(M, L) being defined either as Z-Z*(M, B(L)), where 
O(L) is the sheaf of holomorphic sections of L, or by the Dolbeault 
complex. The two definitions agree. In Section 5 we shall explain, in 
more general situation, that B(L) is a locally free sheaf with degree 
c,(L) -x1= r /Ii/ui (Proposition 5.11). Then Theorem 1.5 is also obtained 
by applying the liiemann-Roth formula to O(L).) 
The map L H c,(L) -XI= 1 /3Jcr; is thus a map into Z and it is a bijec- 
tion. To see this, note that if L, is the holomorphic point-bundle deter- 
mined by a smooth point p~M\{pr, . . . . p,} then c,(L@L,)=c,(L)+ 1: 
so the map is surjective. But if L and L’ are two V-bundles with the same 
isotropy then L- ’ 0 L’ is an ordinary line bundle over M and hence 
topologically trivially if and only if c,(L) = c,(L’); whence injectivity. 
The class c,(L) is the Euler class e(S(L)) = b+C:=, Pi/a; [21] of the 
associated Seifert libration (recall that we are using a different convention) 
so that the “invariant” c,(L) -x7= r /?Jai is just b. 
Conversely, given an oriented closed Seifert tibration with invariants 
(b; g; (al, B1h .-., (a,,, PA) 
we can first of all obtain the orbit space, a closed Riemann surface A4 of 
genus g with marked points pi, . . . . ,nn of ramification indices aI, . . . . a,. Next 
we can associate, using Proposition 1.4, the unique (topological) line 
V-bundle L with isotropy afl, . . . . a$ and c,(L) = b +x1=, /?Jai. Then the 
given Seifert fibration is isomorphic to S(L). 
Under tensor product the topological isomorphism classes of line 
V-bundles form a group Pick(M). Proposition 1.4 has the following 
corollaries. 
COROLLARY 1.6. 
8: Picb (M) + Q 0 & Z/a,, 
i=l 
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where O(L) = (c,(L), B) and p = (/?,) . ..) p,,), is an injective homomorphism 
with image the subgroup 
(c, (pi mod cli)): c = c /?Jcr, (mod Z) 
COROLLARY 1.7. I~cI,, . . . . ~1, are mutually coprime, then there is a unique 
line V-bundle L, such that c,(L,) = l/n;=, c(~ and any line V-bundle has the 
form Li, for some integer k. 
This line V-bundle L, will play a fundamental role in Section 3 and 
we shall denote its isotropy invariants by (r,, . . . . y,) and by 
c = l/n C(~- x;= i yi/cr, its “b-invariant.” Let L, be the topological line 
V-bundle with c,(L,) = l/crj and trivial isotropy representations save at pi 
where it is oj. Then the group Picb(M) is always generated by the line 
V-bundles {L,: 16 j<n} if n>O, where c,(Lj)= l/u,. 
As well as line V-bundles we shall meet U(2), SU(2), and SO(3)-V- 
bundles. 
PROPOSITION 1.8. (i ) U(2)-V-bundles with specified isotropy representa- 
tions are in bijective correspondence with Z. 
(ii) N(2)-V-bundles are completely specified by their isotropy 
representations which must, at pi, have the form of’@ a,~~’ for some pi with 
O<Pi< [%/21. 
(iii) For each set (pi: Z/a, + SO( 3), 1 < i < n} of isotropy representa- 
tions there are, unless IIm piI = 2 for some i, exactly two inequivalent SO(3)- 
V-bundles with that isotropy. When IIm piI = 2, there is exactly one. 
The first two statements are summarized by saying that U(2)-V-bundles 
are specified by their isotropy representations and their determinant line 
V-bundles. For compatible data of isotropy representations and determinant 
line V-bundles, the existence of a U(2)-V-bundle with the given data is seen 
by an explicit construction as a sum of two line V-bundles. Two U(2)-V- 
bundles with the same given data are isomorphic on Y = {p, , . . . . p,,} since 
they have the same isotropy representations. The obstruction to extend the 
isomorphism to M is an element in H’(M, Y, x,(X42))) = 0, hence the 
uniqueness follows. 
The third clause is the interesting part of the proposition. Note that since 
n,(S0(3)) g Z/2 there are exactly 2 distinct SO( 3)-bundles over a Riemann 
surface, hence at most two distinct V-bundles with given isotropy represen- 
tations. They can be obtained, one from the other, by modification in a 
neighbourhood of a point. Let pi: Z/a, + SO(3) be the isotropy representa- 
tion at pi. Then Z(Im pi) g S’, O(2), or SO(3) according as IIm piI > 3, 
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IIm piI = 2, or (Im piI = 1. So there is, up to a homotopy, a unique class of 
local trivializations at pi unless IIm piI = 2. Hence, unless IIm piI = 2 for 
some i, the two V-bundles cannot agree exactly as in the case of smooth 
Riemann surfaces. When IIm piI = 2 for some i, we show that the modifica- 
tion at a smooth point is compensated by a change of a local trivialization 
at pi. Clearly we can reduce to the case of S2 and a single ramification 
point p with isotropy p: Z/u + SO(3). Given two V-bundles E and F over 
S2 with isotropy p we can use the trivializations to clutch E and F over a 
neighbourhood of dvp and form E u. F over S*. The change of trivializa- 
tion when I Im pi = 2 corresponds to clutching z H q(z) A where 
and wz(Eu,, F)=w,(Eu, F)+ 1. 
More explicitly S0(3)-V-bundles are described as follows. Each oriented 
R3-V-bundle has a non-vanishing section, hence it has the form R @ L; 0 
@y=, LFpf. Here L, is a point bundle at a smooth point p and 
0 < pi < [ai/ gives the isotropy representation of the S0(3)-V-bundle 
at pi. 
(a) If IIm piI =2 (fli=ai/2) for some i, then they are all isomorphic 
to one another. 
(b) If not, they fall into two isomorphism classes according to the 
parity of m. 
In both cases the isomorphism classes do not depend on the signs of 
the /Ii’s. 
Just as for ordinary bundles, it makes sense to ask when there is a lift 
of an S0(3)-V-bundle to a Spin(3)-V-bundle. Here there is first of all a 
local condition: that the representation pi: Z/a, + SO(3) should lift. This 
always happens if tli is odd and there is a single conjugagy class of lift. If 
ai=2qi, then we need that pi(qi) = 1. Unless IIm pi =2, there are two dis- 
tinct conjugacy classes of lift. If IIm pi = 2, there is a single classs. When 
these conditions are satisfied we can ask when a V-bundle with this 
isotropy lifts. In the case when nl= i a, is odd one of the two classes lifts. 
But when ny=, ai is even, both classes (if there are two) do. This is a 
consequence of the fact that when n;= 1 a, is even, a line bundle with c, = 1 
is a square of a line V-bundle with c, = 4. 
More generally the classification of S0(3)-V-bundle implies that there is 
a (unique) map w from the set of the isomorphism classes of SO(3)-V- 
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bundles to Picb (M)/( Pi+ (M))2 such that the following diagram is 
commutative and gives a pull-back: 
{ U(2)-V-bundles} det Picb 
Ad 
I I 
{ SO( 3)-V-bundles} --JL Pict/(Picb)‘. 
Here Ad and det are the maps which take a U(2)-V-bundle to its adjoint 
V-bundle and to its determinant line V-bundle. The two terms in the right- 
hand column play the role of the second cohomology groups with coef- 
ficient Z and Z/2. In particular, for each fixed L, the restriction of Ad is 
injective on the isomorphism classes of U(2)-V-bundles with determinant 
L. So if we take one set of representatives of Pic$/(Picb)‘, then we have a 
bijective correspondence between the isomorphism classes of SO(3)-V- 
bundles and those of U(2)-V-bundles with determinant equal to one of 
these representatives. 
When all cr;s are odd, this injectivity is immediate to see because 
(Ad, det): Hom(Z/a,, U(2))/conj 
+ (Hom(Z/cr,, SO(3))/conj) x Hom(Z/a,, U(1)) 
is injective and a U(2)-V-bundle with given determinant is specified by 
isotropy representations. If ai is even, this map is not injective. However, 
we can use the classification of S0(3)-V-bundles to show that two U(2)-V- 
bundles which have distinct isotropy representations Z/ai+ U(2) with the 
same image induce two distinct S0(3)-V-bundles. In Section 2 we give an 
alternative description of w as the second Stiefel-Whitney class without 
using the classification. Note that the above statement is not true for higher 
dimensional (V-)manifolds. 
The Grothendieck group K,(M) of complex vector V-bundles may be 
identified by similar arguments. Though we shall use the identification 
(when giving a criterion under which semistable V-bundles are stable) we 
omit the proof which is similar to ones above. 
PROPOSITION 1.9. 
CP: Kv(W + Z0Q0 6 R(Zlaj) 
j=l 
defined by 
cp( WI) = (rk 4 c,(E), (xl3 . . . . x,A 
607/96/I -4 
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where xi= tr pj is the character of the isotropy representation pi at pi, is an 
injective homomorphism. Its image is the subring satisfying 
rk E= x,(O); 16j6n 
c,(E)=&,i logdetp,(l)modZ. 
J=l 
Recall that Lj is the line V-bundle with c,(L,) = l/aj and trivial isotropy 
save at pi where it is oj. Then L,, . . . . L, generate K, (M) as a ring, as we 
can see from the above proposition. 
There is a stability theorem for V-bundles which we state next. 
PROPOSITION 1.10. Suppose a E K, (M)\O. There is a V-bundle E such 
that c( = [E] if and only if rk(a) > 1 and the character xj associated to a is 
non-negative for each j, 1 < j Q n. Moreover E is uniquely determined by a. 
Proof We proceed by induction on the rank of a. If rk a = 1 the result 
follows from the classification of line V-bundles. When rk a > 1 and all 
xj > 0 then take LJk, where aik/ appear with non-zero coefficient in xj. Then 
a@ n;=, [L,:‘Q] has the form p + 1, where rk /I 2 1 and the character xi 
for b still non-negative. 
Uniqueness can be established similarly, but perhaps it is simpler to use 
obstruction theory directly. Suppose we have two V-bundles E and F with 
xjE>;(iF, l< j<n, and r=rk E>rk F=s. Then over Y=LI;=, pj there is 
an injection F[ Y -+ El Y unique up to homotopy. The obstruction to 
extending this injection to A4 is an element in H*(M, r; n,( U(r)/U(r - s))) 
= 0 since r = rk E > rk F = s. If we have E and E’ such that [E] = [E’] then 
there is an F such that E 0 F s E’ @ F = G. Hence we have two injections of 
F into G. Over Y they are trivially homotopic. The obstruction to extending 
the homotopy is an element in H*(M, Y; rt2( U(r + s)/U(r))) = 0. i 
LEMMA 1.11. Suppose that the complex V-bundle E satisfies that 
c,(F) c,(E) 
O#FSE=-~#- rk E. 
Then [E] is primitive (indivisible) in K,(M). 
(To see this, just write [E] =ka, kEN, and note that from the 
preceeding proposition a = [a for some complex V-bundle F. So we have 
[E] = k[F] and, applying the proposition once again, we have E r kF 
whence F is isomorphic to a V-subbundle of E.) 
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As in the case of Riemann surfaces without marked points we can define 
holomorphic point V-bundles. Given p E M with isotropy a, take 
L,=(M\{p))xCu,(DxC)/(Z/a), 
where 
is the map $(z, w) = (za, zw), where za is a coordinate near p for M without 
ramification. The V-bundle L, is a holomorphic representative of the 
topological Lj defined earlier. Again, taking tensor products with L,‘s 
reduces us to the case of ordinary bundles. As when there are no marked 
points one has 
Pit’ M z T2g, 
where g is the genus of M. For line V-bundles the moduli space is thus 
discrete for the Riemann sphere, no matter how many marked points there 
may be. This is not so for higher rank. 
2. SEIFERT FIBRED MANIFOLDS 
We shall think of a Seifert fibred 3-manifold P as the boundary of the 
disk bundle, or the circle V-bundle, of a line V-bundle L over a Riemann 
V-surface M, as described in Section 1. The fundamental theorem of 
Narasimhan and Seshadri [ 191 will extend to the situation of V-bundles 
with the fundamental group of S(L) = i?D(L), for a certain L, replacing the 
usual fundamental group. 
In general the circle V-bundle S(L) is a V-manifold rather than a 
manifold. Over a neighbourhood of a ramification point, S(L) is a quotient 
of D2 x S’ by the action of Z, defined by [: (z, f)~ ([z, cBr). Hence the 
isotropy group of a point in the quotient of (0) x S’ is ([E Z,: is = 1 }. If 
(a, /I) = 1, then the isotropy group is trivial and the quotient is smooth. 
Note that if fi z 0 mod a, then Lcomes from a usual line bundle around the 
point, but S(L) has nontrivial V-structure. We mainly consider the smooth 
quotient cases. If (a, B) # 1 for some point, we should consider the orbifold 
fundamental group of S(L) instead of the usual fundamental group: the 
orbifold fundamental group is defined as the covering transformation 
group of the “universal covering” in the sense of V-manifolds. 
In general we define the V-homotopy group KY(M) by 
n~(M)=7c-#2,M), 
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where SZvM is the V-loop space of it4 in the following sense. Recall that a 
neighbourhood Ui of pi is of the form Di/(Z/cri). Fix a smooth base point 
on M. Then an element of OvM is a collection (0,; 8,) . . . . 0,} satisfying (i) 
and (ii) below. 
(i) 8, is a closed path on A4 starting and ending at the base point. 
(ii) ei (1 < i < n) is a collection of equivalence classes of continuous 
maps from each connected component of 0;‘( Vi) to Di which cover the 
restriction of &,. Here two maps to Di are equivalent if and only if they are 
obtained one from another by composing with an action of Z/a,. 
The above definition may be extended to any V-manifold, in particular 
S(L). The first V-homotopy group is the orbifold fundamental group of 
Thurston (see for example [28]). 
Seifert [30] described the fundamental groups of the manifolds he 
classified. If we let M be a Riemann surface of genus g with n marked 
points with isotropy of order ai, . . . . ~1, and if we let L be a line V-bundle 
with isotropy a{‘, . . . . a? and c,(L) = b + C;= i jIi/cti then Seifert proved the 
following theorem. 
THEOREM 2.1 [30,28]. Let 1 <i<n, 1 <j< g, and P=S(L). Then 
A;(P) = uj, bj, gi, h: [uj, h] = [bj, h] = [g,, h] 
= 1= gg’hS’=Kb fi [uj, bj] i pi). 
j=l i= 1 
From this result Seifert noted that (h) =Z(ny(P)) (unless g=O, n=2, 
(ai, ~1~) # 1 or g = 1, n = 0, c,(L) = 0) and, important for applications, that 
P is a homology sphere if and only if 
g=o and b+ i B’, &L, 
i=l ai l-I:= 1 ai 
(The latter is easy to see. Certainly g = 0 is necessary. When that is so we 
have that a:(P) has n + 1 generators with n + 1 relations so that the order 
of H,(P) is quickly calculated: 
-b 1 1 . . . 1 
p1 a1 0 ... 0 
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With every solution (b, (cri, /Ii)) such that 
we have a “dual” one (b’, (ai, fl,)) with b’ = -b - n, pi = cli - pi.) 
The group can also be seen to be cyclic with generator h when ~1~) .. . . c(, 
are coprime using Corollary 1.7 since S(Lt ) = S(L,)/(Z/k). 
Seifert’s result can be rephrased as saying that every Seifert libred 
homology sphere is the circle V-bundle associated to the fundamental line 
V-bundle LO on Pi with marked points of coprime orders. 
At the other extreme, when there are no marked points and no isotropy, 
we have that L is a line bundle over M with c,(L) = b and then 
aj,bj:[a,,h]=[bj,h]=l=hhfi [a,,b,] 
j= 1 > 
so that when b = 1 we have the universal central extension of n,(M) used 
in [l]. 
We can identify n:(P)/(h) = ny(S(L))/(h) with the fundamental group 
of the Riemann surface M with ramification points of orders aI, . . . . a,,. 
Theorem 2.1 shows that the quotient by (h) is independent of the given 
isotropy representations /Ii, . . . . /?n at the ramification points. 
In general the homology of a Seifert manifold P is expressed by using 
Pick(M) in Section 1. To see this, first of all, we define the I/-cohomology 
group of M as follows. 
Recall that M is a union of M\{ pi, . . . . p,,} and II Ui, where Uj= DJZ,. 
We define Mv as a union of M\{p,, . . . . pn} and II EZ, x Z,,Di. Here we 
glue them by using sections of EZ,x (Di\{pi)) -+ U,\{p,), whose libres 
are contractible. Then we define the V-cohomology group H$ (M) by 
H,*(M) = H*(M”). 
Similarly we define S(L)” and H$(S(L)). 
It is natural to expect that Mv is the classifying space of Q,M. In fact 
there is a natural map from S2Mv to QvM and it is easy to see that it is 
a fibration with contractible tibres. In particular n:(M) = rr, (M,) can be 
calculated by van Kampen’s theorem. The relation ~7 (M) = n:(P)/(h) 
comes from the homotopy exact sequence of the S’-bundle S(L), + M,,. 
When M = r\% and &? is contractible, it is easy to check that 
H$(M) = H*(f). 
We can identify Hi(M) and H:(M) with more geometric objects. 
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THEOREM 2.2. (i) Hb(M, Z)zH’(M, Z), where H’(A4, Z) is the 
cohomology of the underlying space. 
(ii) H$(M, Z)zPicb(M). 
The proof is given at the end of this section. 
Suppose that S(L) is smooth. Since S(L), -+ Mv is an S’-bundle we 
have the Thorn-Gysin exact sequence: 
O- H’(M) - H’(S(L)) - Z 7 Picb(M) 
1 - CL1 
- H:(W)) - H:(M) 
- H*(S(L)) - H’(M). 
When c,(L) # 0, the map 6 is injective and its cokernel is torsion. Note that 
H’(S(L)) and H*(S(L)) have the same rank. Hence we obtain the 
following theorem. 
THEOREM 2.3. Zf S(L) is smooth, we have 
H’(SW))r Hl(M)OZ 1 
H’(M), c,(L) f 0 
7 c,W)=O, 
H2(S(L))z(Pic:(M)/([L]))@Z2g. 
In particular S(L) is a homology 3-sphere if and only if g = 0 and 
Pici(M) z Z with generator [L]. Then we can again see from 
Corollary 1.6 that cur, . . . . a,, are mutually coprime and c,(L) = f l/n ai. 
In Section 1 we showed that the map 
det: { U(2)-V-bundles} + Pitt 
descends to 
w: { SO( 3)-V-bundles} + Picb/(Picb)2 z H;(M)@ Z,. 
We explain that w is essentially the second Stiefel-Whitney class. An 
S0(3)-V-bundle on A4 induces an S0(3)-bundle on Mv and its second 
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Stiefel-Whitney class is an element of Ht(M, Z,). Hence it suffices to show 
that 
mM Z*)=WM, Z)@Z,, 
or equivalently that H,(M,) has no 2-torsion. 
Consider the open covering M = V, u V,, where 
v, = M\{P,? ...> PA and V,= fi D,xz,EZ,. 
i= I 
Then V, n V, 2: II S’ and the Mayer-Vietoris exact sequence implies that 
the torsion of H,(Mv, Z) is a direct sum of the torsion of H2(V,, Z) ( = 0) 
and that of H2( Y2, Z) ( = @I=, H,(BZ,,) = 0), hence zero. 
In most cases we can, using the uniformization theorem 1.1, interpret the 
fundamental group of a Riemann surface with ramification points in terms 
of Fuchsian groups. Suppose we are in the situation where Theorem 1.1 
applies. Then M= r\X and r is a Fuchsian group with “signature” 
k; al, . . . . a,). The group I- corresponds to taking L = TM, the tangent 
V-bundle of M. (For L = TM the Seifert Iibred manifold S(L) is the 
tangent circle V-bundle and can be identified with T\PSL,R.) 
In general if L” = TM for some r EN, then S(L) is of the form 
T’\Ss where r’ c p, ?- is the inverse image of r in SFE;k and r’ has 
index r. F. Raymond and A. Vasquez showed that these are the only Seifert 
fibred manifolds of the form r’\SG. We can restate their main result as 
follows. 
THEOREM 2.4 [26]. Suppose G is a 3-dimensional Lie group, and T a 
subgroup such that r\G+ T\G/T is a (possibly open, orientable) Seifert 
fibration. Then it is identified with S(L) + A4 for some M and L satisfying 
L”= TMfor some rEN. 
Proof: Note that if S(L) = T\G and A4 = T/G/T, then the pull-back 
x*TA4 is a trivial line (V-)bundle on S(L), where rc: S(L) + A4 is a projec- 
tion. Hence the above theorem is an immediate consequence of the 
Thorn-Gysin sequence which appeared earlier. (The same argument can be 
applied to the link of a “Gorenstein surface singularity.“) 1 
In particular this is the case when S(L) is a homology 3-sphere. Then r 
is calculated as follows, (recall our notation X(M) = c,( TM)): 
MWI 
r=lcl(L)I= n-2-rglk ,fi ai. * ,=I 
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(In this case r’ will be the commutator subgroup of the central extensions 
of the orientation preserving isometries of a hyperbolic polygon with 
pairwise coprime angles 2x/a,, . . . . 2x/a, [18] and S(L) is a Brieskorn 
homology sphere [21,22].) 
We shall consider more general geometric structures of Seifert libred 
manifolds. In Section 6 we explain it by a combination of the uniformiza- 
tion theorem and the Hodge theory. 
Proof of Theorem 2.2. We give a proof which could be extended to any 
V-manifold. We use a “Mayer-Vietoris argument.” 
We show the statement for any reasonable subset of M. (To proceed by 
an inductive argument we indeed need such an extension.) Suppose that 
{ Wi} is a finite collection of open sets of M such that for each subset 
{ W,.} the intersection ni, Wj. is either empty or contractible and that each 
Wj contains at most one ramification point, We show the statement for 
Uj Wj by induction on the number of open sets. 
When the number is one, that H!,( W,, Z) g H’( W,, Z) = 0 follows from 
the fact that H,(( W,)“, Z) is a torsion group and Hc( W, Z)r Picb( W,) 
follows upon identifying both sides with Hom(n,( ( W, ),), S1 ). Here 
n,(( W,),) is eith er 0 or a finite cyclic group. 
When the number is larger than one, we can apply the inductive 
hypothesis to { Wj}jiL, and also { W, n Wj}j+l. If we write V, = W, and 
V2= Uj+i Wj, then 
VI n Vz = IJ Wj and V,n V*= u (W,n Wj). 
j#l 
We know that Vi, VZ, and Vi n VZ satisfy the statements, To show that 
Vi u V2 satisfies (i), we consider the diagram 
and apply the five lemma. Here the vertical maps are induced by a 
projection Mv + M. It is obvious that Ho z HO,. 
To show that V, u VZ satisfies (ii), we need to consider the following 
diagram: 
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- Picb(V,)@Picb(T/,)----+ Pi+ ( V, A V,) 
I 
z z 
I 
- c4wO~:(~/,) - H$(V,n V,). 
Here the map Pick + H$ is a generalization of the equivariant first Chern 
class. A line V-bundle L on, for instance, V, induces a line bundle L, on 
(I’,),. Then the map is given by LHc,(L,). The map H’(V, n Vz)-+ 
Picb( T/i u V,) is a composition of the boundary homomorphism 
H1(V,nV2)+H2(V,uV2) 
followed by the natural map 
ZP( V, u V2) g Pic’( V, u VJ + Pitt ( V, u VZ). 
The exactness of the upper row is easily shown. For instance, if we use the 
fact that the kernel of Picb( V, u I’*) -+ Picb( V,) @ Picb( V,) lies in 
Pic’( V, u I’,), exactness at Picb( V, u V,) is reduced to the exactness of 
H’(V,nV2)-,H2(V,uV2)+H2(V,)@H2(V2). 
Now the live lemma implies that V, u V, satisfies (ii). 
From induction we can deduce that the statements (i) and (ii) hold 
for any lJ W,. In particular, by taking a covering of M, we obtain 
Theorem 2.2. 1 
3. YANG-MILLS THEORY FOR A V-BUNDLE 
OVER A RIEMANN SURFACE. 
This section is a direct extension of Sections 5 and 6 of [ 11. It is the 
kernel of this paper. First of all, let P be a principal V-bundle with group 
G over the compact V-manifold M. As mentioned earlier, all the standard 
notions extend to this situation and we have, in particular, d(P) the space 
of connexions on P and g(P) the gauge group of P. d(P) is a principal 
aIIine space associated to Q’(M; ad P). If we choose a Riemannian 
V-metric on M we then have the Yang-Mills functional L on d(P) defined 
by 
L(A)= IIw)11*, 
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where P’(A) is the curvature of A. The operator 
d, : Q*(M; E) + SZ*(M; E) 
is defined for every vector V-bundle associated to a representation of G; in 
particular for E = ad P. The stationary points of L again satisfy the 
differential equation dA * FA = 0. 
When M is a Riemann surface with ramilication points of orders 
cur, . . . . cx, we can see this by using Theorem 1.2 and arguing equivariantly. 
The star operator splits SZk(M; ad P) into two pieces, 
Qk (M; ad P) = .Q’,‘(M; ad P) @ Q’s ‘(M, ad P), 
the sum of the -i eigenspace and the +i eigenspace. Of course, since A4 
is a Riemann surface the same thing holds for Q&(M), and so induces a 
holomorphic structure on M. Moreover the operator 
di: @!(M; ad P) + SZ’,‘(M; ad P) 
defines a holomorphic structure on ad PO C. If A is an extremal or 
Yang-Mills connexion then da * F(A) and di *F(A) are both zero since 
* F(A) E Q”(M; ad P). So * F(A) is a couariant constant holomorphic section 
of ad P. The eigenvalues of the endomorphism 
AA : O,f!(M; ad P) --t Qz(M; ad P), 
defined by A,cl = i[* F(A) cr], are thus locally constant and we can write 
ad P@C=ad-(P)@ad#(P)@ad+(P) 
corresponding to the negative, zero, and positive eigenvalues of A,. 
(A, is self-adjoint because ( [ * F, , cr], /I) = (* FA , [ tl, fi] ), where the round 
brackets denote inner product.) Proposition 5.4 of [ 1 ] holds in our context 
with exactly the same proof-thinking either in terms of V-manifolds or 
equivariantly. 
F'ROFQSITION 3.1. Zf A is a Yang-Mills connexion for P then 
nullity(A) = 2 dim, H’(M; ad#(P)), 
index(A) = 2 dim, H’(M; ad-(P)). 
For smooth Riemann surface with g 2 1 the “universal Yang-Mills 
connexion” on a principal bundle P” with some group rR is constructed 
in [I]. Every Yang-Mills connexion is then uniquely described as an 
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induced connexion (up to bundle automorphisms). This universal Yang- 
Mills connexion has the following properties. 
(i) The holonomy map for a closed path is the identity if and only 
if its class in the fundamental group is trivial and the area it surrounds is 
zero. 
(ii) If N--+ A4 is a regular covering and the projection map preserves 
the metrics, then P’(M) is isomorphic to the direct image of PU(N) as 
libre bundles on M with connexion. 
(iii) Suppose that a Yang-Mills connexion on a line bundle L with 
c,(L) # 0 is induced from a homomorphism f: rR + S’. Then its kernel is 
canonically isomorphic to n,(S(L)) and f induces an isomorphism 
rR = x,(S(L)) xz R. 
Conversely one can use these properties as a guide to construct the 
universal Yang-Mills connexion. 
To construct the universal Yang-Mills connexion on a V-surface, one 
can make use of any one of them. If we use Theorem 1.1 or 1.2, the simplest 
way would be (ii). However, for our purpose of studying Seifert tibred 
manifolds, it is necessary to understand the role of line V-bundles. There- 
fore in this section we make use of (iii) to give a construction as in [l]. 
In Section 4, we give a brief description of the universal Yang-Mills 
connexion along the lines of (i). 
If the Riemann surface A4 has no ramification points (n = 0) and q > 1 
there is a universal central extension by Z which corresponds to the 
fundamental group of the circle bundle of the unique line bundle over A4 
with Chern class 1. When M has ramification points and x(M)<0 the 
corresponding construction would give the (orbifold) fundamental group 
rD of a circle V-bundle with isotropy of’, . . . . a? and minimal Chern class 
4 l/a, where a = lcm(a;). (Note that Theorem 2.1 implies that c,(L) = 
&l/a is equivalent to hi [xy(S(L)), TcT(S(L))].) The /Ii’s are not in 
general uniquely determined and the group rP depends upon 
p = (8, 3 . . . . /I,). However, when we extend the centre to R, the resulting 
group rR just depends upon A4. 
THEOREM 3.2. rR is independent of (/II, . . . . /?,) and just depends upon the 
Riemann V-surface (or orbifold) M. 
To see this, note that if LCB,6) is a line V-bundle with isotropy /I and first 
Chern class b+C;=, fii/ai then (TcB,bJ)R z (r;ts bJ)R, where Z$ b) is the 
same as rP = Tcs b) but with relations 
-’ 
g4’/$= 1, hb= fi [a,, bj] fi g, 
j= 1 i=l 
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g?/+’ = 1, I hba= I”r [ai, bJ fi gi. 
j= 1 1=1 
Now r:,, b) z r@,c,, where c= ba + 1 /?&x,. But Tco,c, gives the same 
group rh as rco,,). (Here we are using the orbifold fundamental group 
when (pi, ai) # 1.) 
When g> 0, the isomorphism between the two f,‘s coming from two 
line V-bundles L and L’ is not canonically determined. Theorem 3.3 below 
implies that if one fixes Yang-Mills connexions on L and L’, respectively, 
one obtains a natural isomorphism between them. 
Again there is a homomorphism to n:(M)-as we have defined it 
above-but there is not in general a natural choice of homomorphism to 
U( 1) because there is no canonical choice of embedding of Z. However, 
when a,, . . . . a,, are coprime (an assumption we shall make henceforth) we 
can choose the fundamental line V-bundle L,, (with c,(L,) = l/u) of 
Corollary 1.7. This gives us a canonical map of Z into rR (by 1 H h) and 
hence a projection rR --) n:(M) x U( 1). We can in this case proceed exactly 
as in [l]. 
We give M the standard hyperbolic metric using Theorem 1.1 and denote 
by P the unit circle V-bundle of L,,. Then e(P) = cI(L,) = l/a and hence 
-X(M) 
r=-=a 
e(P) ( 
n-2+2g- i L 
i= * c(i > 
is an integer and TM= L;‘. Consequently P has the form T,\G,, where 
G, is the r-fold cyclic cover of PSL,R and r, c G, is a subgroup mapping, 
under projection to PSL,R, isomorphically onto n:(M). (See Section 2). 
In the cases covered by Theorem 1.1 the hyperbolic metric has volume 
274 -x(M)) and we endow L,, with a Yang-Mills connexion of constant 
curvature - 2zio,/r = - 2niw/a, where c+, is the hyperbolic volume form 
and o the normalized one. Over M we have the principal V-bundle 
PU -+ A4 with group rR, where P” is the universal cover of P. The induced 
connexion is still a Yang-Mills connexion and to any homomorphism 
p: rR + G, we associate the V-bundle P, = P” xp G with induced con- 
nexion A,. Theorem 6.7 of [ 1 ] can now be generalized to the following 
theorem. 
THEOREM 3.3. The mapping p H (P,. A@) induces a bijective corre- 
spondence between conjugacy classes of homomorphisms p: rR + G and 
equivalence classes of Yang-Mills connexions on principal V-bundles with 
group G over M. 
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For the proof we can either proceed equivariantly, as indicated in [S], 
or directly generalize to V-surfaces. If we argue in the latter way we note, 
suppressing the connexion A from the notation, that for a Yang-Mills con- 
nexion A on a principal V-bundle P with group G the map * F P + 9 is 
equivariant and satisfies the condition y(* F) = 0 for the horizontal lift of 
any vector field Y on M. As in [ 1 ] this implies that * F has values in a 
single conjugacy class in 8, and we choose a point X in that conjugacy class 
and set P, = (* P))’ (X). Then P, is a principal V-bundle with group 
G,= Z,(X) and A restricts to a connexion on P, with curvature F. But 
* F is now constant with value X. So F = X@ w E R*(M; gx), where o is 
the volume form on N. 
The V-bundle P” + M has curvature - 2nio/a E Q*(M; iR) (a = nr= I ai). 
So if p: rR + G, the induced connexion A, on P, has curvature 
-27ciXp @ w/a, X, = dp(h). Exactly as in [l] we have that R = Z(T,) so 
that prR centralizes dp(h) and hence prR c G,: so we can restrict 
ourselves to the case when X is central in G. Here there are two extreme 
cases, when G is a torus and when Z(G) = 1. In the first case we are 
in the situation of direct sums of line V-bundles over M. We know, by 
Corollary 1.6, that when a,, . . . . a, are coprime any line V-bundle is a power 
of L,. The Yang-Mills connexions on L$ are precisely those whose 
curvature is the harmonic 2-form representing c,(Lt). The set of such 
V-bundles with Yang-Mills connexion is an abelian group under tensor 
product and any such is uniquely expressed as Li @ t, where < is a flat line 
V-bundle. So, as in the case of ordinary line bundles, Theorem 3.3 holds for 
line V-bundles in the abelian situation-provided we have checked the 
case for flat V-bundles. But this corresponds to the other extreme, for 
when Z(G) = 1 then p(h) = 1 and so p factors through what we have called 
x:(M). 
THEOREM 3.4. Flat principal V-bundles over M with group G are in 
bijective correspondence with homomorphisms of z:(M) into G. 
Proof. (This is a standard result [8], but as it is crucial we give a 
proof.) It is perhaps simplest here to use Theorem 1.3. The correspondence, 
which is simply a matter of pulling back a V-bundle, gives a corre- 
spondence between isomorphism classes of V-bundles with connexion and 
equivariant isomorphism classes. So write M = D\N and we must show 
that equivariant isomorphism classes of D-flat bundles over N are in bijec- 
tive correspondence with homomorphisms a:(M) to G. Fix a base-point pO 
in N such that D, = { 1 } and let r be the homotopy classes (with end- 
points fixed) of paths joining p,, to dp,, for dE D. Then these form a group 
under compositions, just like the fundamental group; y. 6 = y 0 dS, if y 
joins pO to dp,, and y-‘(t) = d-‘y( 1 - t). Moreover, n,(N) 4 r and 
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~/K~(N) 2 D. The action of D on N lifts to an action of f on fl extending 
the action of rci (N) by deck transformations. (This can be seen by writing 
fi as equivalence classes of paths beginning at pO.) If p: f + G is a 
homomorphism, then G xP fi is a flat bundle over N. Moreover, D acts on 
G x, R through the action by r and this makes G xP fi -+ N into an equiv- 
ariant D-bundle. Conversely, given an equivariant flat D-bundle P, write 
P = G x B R, where 0: n1 (N) + G. Then we can extend to a homomorphism 
p: r+ G by defining p(y) = g if 
41,10) = (g-‘3 Yloh 
where ny = d (i.e., y joins pO to dp,) and 1, E fi is the constant path based 
at pO. These maps are inverse, one to the other, so that to complete the 
proof we must show the following lemma. 
LEMMA 3.5. If A4 = D/N then n:(M) E r, where r is defined as above. 
Proof: Let T be the tangent line V-bundle. Lift to an equivariant D-line 
bundle T, on N. Let rN be an equivalence class of paths joining e, to de,,, 
where e, lies above pO. Then f,,, is a group and there are natural 
homomorphisms 
coming from the maps S(T) L S( TN) -A N. It is easy to see that rN is 
generated by r and h’, where h’ = class of the libre at pO. Moreover, h’ is 
central in r, and (h’) is exactly ker x.+. The map f, carries h’ to h and 
is an isomorphism because S(T,) and S(T) are 3-manifolds (the isotropy 
at any point is trivial) and f is a covering map. Consequently 
r,/(h’) z n:(M). 
But it,: T,/(h’) g r, and we are done. 1 
The proof of Theorem 3.3 can now be completed exactly as in [ 11. I 
The reason we fixed the hyperbolic metric was to give an explicit 
Yang-Mills connexion on L,. For other V-metrics, we can use the Hodge 
theory to take a Yang-Mills connexion (see Section 6), and argue in the 
same way as above. 
For the case of G = U(k) we can carry out the further analysis of [l] 
too. Because we shall need it later we recall the results and notation briefly. 
First, we let S = [G, G] be the maximal connected semi-simple subgroup of 
G and H= Z’(G) be the connected component of the centre. So Hn S = D 
is a finite subgroup. If XE 9, we let GX= Z,(X), the centralizer of X in G. 
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For a torus Z-Z we identify rc,(H) with the integral lattice in R. So n,(G/S) = 
rr,(H/D) c R is a lattice containing xc,(H) as a sublattice. When G = U(k), 
9 is the Lie algebra of skew-hermitian matrices. Such a matrix we write as 
27&4 with n hermitian. Its conjugacy class is determined by the distinct 
eigenvalues II I > 2, > . . . > A, of n and their multiplicities n,, . . . . n,. The 
group Z( U(k)) = {zl: IzI = 1 }, S = SU(k) and D = {e2”is’kl: 0 <s < k}. The 
lattice L = x1( U(k)/SU(k)) is { 27ciAZ: kl E Z}. 
If X=2niAet~(k) then G,= U(n,)x ... x U(n,). So L,=nl(G,/S,)c 
AX is a lattice of dimension r. In our situation there is as well an integrality 
condition on X because X= dp(h), where p: ZR -+ G, and p(h) E p[Z’, Z] c 
SX (here we are using the fact that Ic,(Lo)/ is minimal). This translates into 
XE L, and can be interpreted as niLi E Z, 16 i < r. A V-bundle E over M 
with group U(k) is determined by its isotropy representations and by its 
first Chern c,(E) which has to be a multiple of l/n?=, LX; when tlr, . . . . IX,, 
are all distinct. 
Now let us suppose p: fR -+ U(k) with X= 27&4 and /1 as above. First 
of all if X is central then /1= (d/k) Z for some integer d; i.e., p(h) = e2nidik. 
Let us fix attention on the ramification point pi and-to make notation 
easierdrop the subscript j. Then, if g is a generator of Z corresponding 
to p, we have that p(g) is conjugate to 
for some integers I,, . . . . lk since grhY = 1 and, moreover, 
(li + yd)/k E Z. 
We claim that { (Zi + yd)/k mod R} 1 d id k are the isotropy indices at the 
(typical) ramification point p. The map det: U(k) + U( 1) carries h to 1 and 
hence det op: ZR + U(1) factors through z:(M) x U(1). Let 
be the induced map. Then the restriction 8 1 U( 1) has degree d and we have 
that c,(E) = d/n:= I ai so that the topological type is now completely 
determined. 
We remark that any given V-bundle with group U(k) possesses a 
Yang-Mills connexion: so in particular, there is some representation of 
nT(S(L,)) in U(k) to which it may be associated. If g = 0 these representa- 
tions of z~(S(Lo)) are all trivial in the case of U(l), but there are non- 
trivial representations of fR to which any line bundle can be associated: 
the representation Pd: ZR --) U( 1) defined by pd(gi) = 1, pd(th) = e21rird has 
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Lt associated to it. From Proposition 1.8 every U(k)- or SU(k)-V-bundle 
is a sum of line V-bundles, hence we see the result holds. When g > 1 we 
can further take a central Yang-Mills connexion [ 1,173. If g = 0, however, 
some vector V-bundles do not admit any central (or irreducible) 
Yang-Mills connexion even when x(M) < 0 [8]. 
As well as U(2) and X7(2) we shall find it convenient to consider SO(3). 
This is because of the following lemma. 
LEMMA 3.6. There is a bijective correspondence between classes of 
representations of xy(S(L,)) in W(2) and those in SO(3) when the genus of 
M is zero. 
Proof: In this case S(L,) = Z is a homology sphere and so we have that 
H’(rcY(Z), Z) z 0 z H2(ny(C), Z). Consequently every representation in 
SO(3) lifts uniquely to SU(2). m 
If we abandon the requirement that tli, . . . . ~1, be coprime then we have 
to fix the topological type of E-or rather that of L = det E. This is because 
there is no longer a universal central extension of n:(M). The central 
extensions are given by H2(7cy(M), Z) and this is not cyclic, as we can see 
from Theorem 2.2: since the universal cover of M is now assumed to be 
contractible, we have 
H*(ny(M), Z) = H:(M) = Pick(M). 
A choice of line bundle L gives us a specific central extension 
1 + Z + n;(S(L)) + n;(M) + 1. 
Consequently we have explicit embeddings Z c ny(S(L)) c rR and an 
exact sequence 
l-z&r Rf-‘) w;(M)x U(l)- 1 
which depends upon L. If we take an explicit Yang-Mills connection on L 
and argue as above we obtain a bijective correspondence between (classes 
of) pairs (E, A)--where E is a V-bundle with group U(k) and Yang-Mills 
connexion A-and conjugacy classes of homomorphisms p: rR + U(k) 
such that p(ny(S(L))) c SU(k). This is perhaps most neatly expressed 
using ny(S(L)). We shall prove the following theorem by a slightly 
different approach in the next section. 
THEOREM 3.7. There is a bijective correspondence between conjugacy 
classes of representations of ny(S(L)) in SU(k) and isomorphisms classes of 
pairs (E, A) where E is a V-bundle with group U(k), det E = Ld (0 < d < k), 
and A is a Yang-Mills connexion on E. 
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4. REPRESENTATIONS OF FUNDAMENTAL GROUPS 
OF SOME SEIFERT MANIFOLDS 
In the preceding section we discussed the Yang-Mills theory for 
V-bundles over a marked Riemann surface. When c(i, . . . . c(, were coprime 
there was a universal bundle with Yang-Mills connexion and no essential 
difference with the standard situation [ 11. However, when cx i, . . . . CY,, are not 
coprime there is no universal bundle that has a canonical reduction to a 
discrete subgroup and a choice, equivalent to a choice of a line V-bundle, 
has to be made. Here, because of applications to Floer (or instanton) 
homology [9], we turn the question around and discuss the representa- 
tions of nT(S(L)), for a fixed line V-bundle L, in terms of the moduli space 
of Yang-Mills connexions on V-bundles over M. Abstractly ny(S(L)) is the 
group given by generators and relations in Theorem 2.1. It is a central 
extension of Z:(M) by Z with generator h. The main result is Theorem 3.7. 
Really, this is a very simple result as we hope the following proof of a 
slightly more general theorem shows. 
THEOREM 4.1. Let L be a line V-bundle over M with V-connexion A, and 
let 0 < E< k. Then there is a bijective correspondence between 
(i) isomorphism classes of flat V-connexions over S(L) with group 
SU(k) and holonomy Ik . e-2niNk around the general fibre; 
(ii) isomorphism class of pairs (E, A), where E is a V-bundle with 
group U(k) such that det E g L’ and A is a unitary V-connexion on E such 
that detA=Af, andF(A)=Z,.(l/k)F(A,). 
Proof: Let Z: S(L) + M be the projection. We show that both (i) and 
(ii) are equivalent to the following: 
(iii) isomorphism classes of pairs (F, B), where F is a V-bundle over 
S(L) with group U(k) and det Frq z*L’, B is a unitary connexion on F 
such that cp det B = n*AA and F(B) = Ik. (l/k) z*F(A,,), and the holonomy 
along the general tibre (of rr) is the identity. 
(a) Given a pair (E, A) on M the pull-back (n*E, x*A) satisfies (iii) 
if (E, A) satisfies (ii). 
Suppose conversely that (F, B) satisfies (iii). The S’-action on S(L) gives 
a vector V-field which lifts to a unique V-field X horizontal with respect to 
B and hence defines an action of R on F, and indeed on P(F) the V-bundle 
of frames. Since the holonomy is trivial the action factors through S’ so 
that we have a projection P(F)/S’ + S(L)/,!?’ which gives our V-bundle E. 
We claim that the map cp is an S’-equivariant map so that det Ege L’. 
64 FURUTA AND STEER 
This is because cp preserves the connectrons on det E and L’ and so 
preserves holonomy: but the S’-action is defined by the holonomy around 
a tibre. Consequently cp descends to a map 8: det E z L’ preserving 
connexions. 
Think of B as an element of Q’(P(F), u(k)). Then z,B=O by construc- 
tion and B is invariant under X as we can see by calculation: 
L,B=dl,B+z,dB=t,F(B)-~,(BA B) 
= f zkzx7z*F((AO) = 0. 
Hence B is a basic form and so B= rr*A. We have (iii) and (ii) are 
equivalent. 
(b) First we take the trivial bundle S(L) x C. The bundle n*L is tri- 
vial so we have an isomorphism $: S(L) x C E n*L. Let p be the connexion 
on n*L corresponding via $ to the trivial connexion on S(L) x C. Think of 
p and A, as in SZ’(S(TT*L)) and take the connexion w = p + (l/k) n*A,. Let 
t denote the resulting line bundle with connexion. 
Given a flat V-bundle F with group SU(k) we form F= P@ t’, which has 
connexion AF@ 1 + 10 Zw. The curvature satisfies the required conditions 
as does det F because P has structure group SU(k). 
To proceed in the other direction we start with (F, B) and form 
F= F@ 5 ~ ’ with the appropriate connexions. Then the connexion on P 
is flat because its curvature vanishes. Similarly the structure group is 
SU(k) because det F= det FQ < --Ik is endowed with the connexion 
det B - lkw E Q’(S(L) x C): this is zero by the hypothesis on B. 1 
Note that the above proof applies to any Riemann V-surface and any 
line V-bundle. The construction of rR in the previous section can be used 
to prove Theorem 4.1 for Riemann V-surfaces A4 with x(M) < 0 as was 
explained. 
For other Riemann V-surfaces, in particular when they are not unifor- 
mized by smooth simply connected 2-manifolds, we would need a modified 
definition of rR : it is still a central extension of rcy(M), but, in general, the 
centre is not R any longer. We shall not use this general construction, so 
we give only a brief explanation. 
The integration of the volume V-form defines a map vol: X*(M) + R, 
where x2(M) is the second homotopy group of the underlying space of M. 
Note that the volume V-form is closed. By composing it with a natural 
map rcz(M) 4 II,(M) we obtain a map volv, 
volv: n;(M) + R, 
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where X;(M) is the second V-homotopy group defined in Section 2. There 
is a canonical central extension 
1 -+ R/volv(rr;(M)) + rv + rc;(M) -+ 1. 
Here Tv is defined as a quotient space of SZvM by an equivalence relation: 
two closed V-paths 8, and 8, are equivalent when they belong to the same 
homotopy class and also the area of surface filling between them is in the 
image of volv. The surface is not unique in general, but its area is well 
defined up to the image of volv. 
Next we construct a principal rv-V-bundle P”. For a smooth point p 
define the V-path space E(M; po, p) in the same way as QvM at the begin- 
ning of Section 2. Then, if W is a smooth convex neighbourhood of the 
smooth point p, define P” 1 W as the quotient of the V-paths beginning at 
p. and ending in W by an equivalence relation similar to the one above: 
namely two paths are equivalent if they have the same end-points, are 
homotopic, and the area of the surface spanned by the homotopy is in the 
image of volv. Simply extending a path by the geodesic joining its end- 
point to p gives a homeomorphism P” 1 WE W x (P”),. When DJ( Z/q) is 
- 
the neighbourhood of a ramification point p, we define P”I Dj by taking 
paths as above together with lifts of a small neighbourhood of the end- 
- 
point to Di. Then z Di r (P”),, x Di and Z/cc, acts on each. The quotient 
is P” 1 (D,/(Z/ct,)). This collection gives rise to a V-bundle which has a 
canonical V-connexion such that the holonomy map along a path 8 from 
p. to p maps the trivial path (the base-point) to [e] E (P”),. The curvature 
of this canonical connexion is equal to the volume form. (The V-smooth 
structure on P” is such that the holonomy map is smooth.) 
Suppose a G-bundle P has a Yang-Mills connexion A. Fix a base point 
on po. A map f: P” + P is defined as follows. For a V-path 8 from p. to, 
for instance, a smooth point p, define f( [e]) as the image of the base point 
under the holonomy map along 8. Our construction has been arranged so 
that f is well defined and in fact is induced from a homomorphism from TV 
to G. A change of the base point causes a conjugation of the 
homomorphism. 
Consequently we obtain a bijective correspondence between the 
isomorphism classes of Yang-Mills connexions and the conjugacy classes 
of homomorphisms from rv to G. Then Tv plays the same role as rR. 
(When S(L,) is a homology 3-sphere, there is only a single case such that 
x(~I4) >O: n = 3, (a,, u2, ~1~) = (2, 3, 5). It is the Poincare homology 
3-sphere and included in the cases Fintushel and Stern studied in [8].) 
Now we return to the situation of Theorem 4.1. 
If A, is a Yang-Mills connexion then so are the connexions A. Moreover 
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the flat V-bundles are in bijective correspondence with conjugacy classes of 
representations of rry(S(L)) in SU(R) so that we find Theorem 3.7. The 
holonomy Ikezni’lk is in the centre of SU(k), and the curvature of A is 
central. If we start with an irreducible flat connexion-so irreducible 
representation p: rry(S(L)) + SU(ktthen pZ c Z(SU(k)) and the 
holonomy around the general libre is in the centre. 
COROLLARY 4.2. There is a bijective correspondence between (i) classes 
of irreducible representations of ny(S(L)) in SU(k) and (ii) classes of pairs 
(E, A), where E is a V-bundle over M with group U(k) such that det E z L’, 
0 < l< k, and A a central irreducible Yang-Mills connexion on E. 
Because of work of Casson, Floer, and Taubes we shall concentrate on 
representations in SU(2) and on the case when a,, . . . . a, are coprime and 
g=O: a condition we assume in the remainder of this section. Let L, 
denote our fundamental line V-bundle with c,(L,) = l/n:= r ai. Then 
,Y = S(Li) for some k and we shall distinguish them by writing 2, and 
rk = rry(C,) for the (V-manifold) fundamental group. In this case we spell 
out what the above theorem tells us. Suppose that we have a representation 
0: f, + G and h E r1 = r, i; E rk are the central generators. Both groups sit 
inside rR, which we have expressed using lY With respect to the generators 
g,, . . . . g,, h for r and g,, . . . . S,, h for r,, the map 
gi H &TX- [fi~k/r~], h H hk 
gives a homomorphism of r into rk because 
g;@ H &i;Yd where yi = fi,k - ai [bik/ai] 
g1 
. . . g,h-b,+ 8, . . . gni;-bk~LCBWrl, 
as requested by the relations. Now h E [r, r] because the relations 
obtained on abelianization are independent of the genus. So Jk E [rk, rk] 
and the abelianization of rk factored by that of the subgroup generated by 
(ai, bi) is cyclic of order k generated by x. Recall the notation of Section 3, 
where S c G is the maximal semisimple subgroup and H= Z’(G). If 
(T: rk -P G is central then a(z”) ED = Hn S. Consequently when G = SU(2), 
U(2) either c is irreducible, when a(zk) = +I, or c(rk) E T, a maximal 
torus. In the second case, a(zk) = I. So the possibilities we have are: 
if G = U(2), with s E 0 E t(2) if rr reducible, and s = t if not; 
a(K)= fl 
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if G = SU(2) and c irreducible; 
0 
e - 2lrisJk 
if G = SU(2) and u reducible. 
In each case we can define a minimal extension to ZR by setting 
‘lAh”) = 1 Z if a(K)=1 enil.yz if o(K) = ezislkZ (0 < s <k) 
and similarly in the reducible cases. So to each representation (i of Zk in 
U(2) we have assigned a representation d of ZR into U(2), and hence we 
have determined a V-bundle P, with Yang-Mills connexion A,. The 
isotropy is determined by 0 and the Chern class by our insistence on 
minimality. We can divide the conjugacy classes of representation into sets 
depending upon the bundle P, so defined. 
THEOREM 4.3. In a given topological class, the conjugacy classes of 
irreducible representations are in bijective correspondence with the conjugacy 
classes of central Yang-Mills connexions on that bundle. 
(The proof is straightforward. To every CJ: fk -+ U(2) we have associated 
a 6: ZR -+ U(2). Conversely, given p: ZR + U(2) with c,(P,) = s/n:= 1 cq we 
have that pi Zk has the appropriate isotropy. The correspondence are 
mutually inverse, by Theorem 3.3 or Theorem 4.1.) 
The main interest of the result is when k = 1 and g = 0. Then we have an 
homology sphere and all representations in SU(2) and U(2) are either 
trivial or irreducible. Recall that we suppose LYE, . .. . GI,, are coprime, write 
a=nl=, ai and write (y,, .,., y,) for the isotropy invariants of L,. In this 
situation it is convenient to reformulate Proposition 1.7 slightly. 
PROPOSITION 4.4. rf aI, . . . . ~1, are coprime then V-bundles over M with 
group G may be classtyied thus: 
(i) G= U(1); 
Z with Et+a.c,(E). 
(ii) G = SU(2); 
A= {x: O<x<a andxyi=fli(crj); O<bi< [ai/2]} 
with EH (fi,, . . . . 8,) HX=C Pihi (mod a). 
(iii) G = U(2); 
B=((d,b)~ZxZ/a:y,(d-b)=/I,!>/?i=byi(ai)}. 
First map E to (c,(E), (/?;, pi)) with O<fii</?; <a;, then 
set d=ac,(E), b=C Bia/ai. 
(iv) G = SO(3); 
Q = (0 < 0 < 2a: yiw = p,(2a,); 0 d /?, < ai}. 
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Any S0(3)-V-bundle can be written in the form Lt@R since it has a 
section. The map cp: L,” H Lg 0 R is thus surjective. Two bundles L,” 
and Lz’ map to same element under CJJ if and only if w G o’(2) and 
o = + o’(c(~), 1 < i < n, when a is odd; or if and only if o G + ~‘(2~1, ) and 
o = Tc./(ai), 2 < i< n, when ai is even. We think of o as an Euler class as - 
in [22]. The set Q is the set of equivalence classes and above we exhibited 
specific representatives and so an embedding of Q in Z. We can write 
f2 = 2 LI B, where 
A= {oEQ:W-0(2)}, B= (wEQ:w- l(2)). 
Then A is the set parametrizing those bundles which lift to SU(2). From 
Section 1 this is unique and the map x H 2x gives a bijection of A with 2, 
in a similar fashion there is a bijection 8, g B, where 
B,={(dJ)EB:d=l}. 
However, to see this we must parametrize 8, a little differently. 
Parametrize a U(2)-V-bundle of degree l/a by choosing labels pi, PI 
(1 <i<n) so that either 
or 
yi < pi < j; < ai. 
(Since pi+ /?I = ?,(a,) these are the only possibilities.) Now choose y so 
that yy, E /Ii( So 1 < y < a and y is our new parameter. In both cases 
(2~ - 1) yi- (2pi-y,) (mod 2ai). In the first case 0 <28,-y, < ai since 
/I; + pi = yi and in the second 0 < 2/Ii - yi < a, since /Ii ’ + pi = ai + yi. The 
map y H o = 2~ - 1 gives the sought bijection from B, to B. (On the level 
of V-bundles the correspondence takes the U(2)-bundle LG@ L;” into 
LF @ R and the U(2)-bundle Lx @ LA- y into LF- ’ 0 R.) 
The map Lx@ LeX++ LZX@R is the map from SU(2) bundles to SO(3) 
bundles and shows us that L”@ R lifts if and only if w - 0 (2). (See 
Section 1.) 
Let (rl, . . . . y,J be the isotropy invariants of the fundamental line 
V-bundle L, as above and let Z= n,(c), and 6: Z + X7(2). So a(h) = f I 
and we divide into two cases, according as a(h) = +I or -I. Set 
Jlr* = (a: Z-j SU(2); a(h) = fZ}/conjugation. 
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where 
and xy, = bj(cr,). By the argument above, we know that -yr is the set of 
conjugacy classes of central Yang-Mills connexions on E,, the SU(2)- 
bundle with isotropy 
Similarly we have that 
where 
and B= {(PI,..., B,J: 0 </Ii < aj: /Ii = y,(2)}. We identify B with B mapping 
e to 2y- 1 where (2y- 1) yi- pi(2cxi). 
By Theorem 4.3, A$ is the set of classes of central Yang-Mills 
connexions on Ey, the U(2)-bundle with isotropy 
+P.+Y 
( > 
--I ) 
2 1 dj<n, 
and 
1 1 
“‘=a=nl=, (O < pj < a,). 
For each x and y (or o E 52) we can calculate the Poincare polynomials 
of .A$ A$ using the method of [ 11, because we know from Sections 6 and 
7 that the Yang-Mills function has a compatible perfect equivariant 
stratification with Ju;, Jy; as the respective minimal critical manifolds. 
(Note that in Cl] it is not proved that the Yang-Mills function itself is 
equivariant perfect.) The other critical manifolds correspond to non-central 
connexions and to Yang-Mills connexions on reductions of the structure 
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group of the U(2)-bundle to U( 1) x U( 1 )-to a reduction to a sum of line 
V-bundles. The line V-bundles which can occur have isotropy restricted by 
the isotropy of the U(2)-bundle. So in case A we can only get 
where P has isotropy *PI, -l-PI, . . . . +/I, and in case B we can only get 
E,=f’QQ, 
where P has isotropy (( + /Ij + y,)/2), Q isotropy (( T Bj + yj)/2), and 
1 -- c,(P) + cl(Q) - nr= 1 ai. 
(So Q, in fact, can be written P-l 0 L,,, where LO is the fundamental line 
V-bundle.) The possible Chern classes for P in case A are restricted by the 
condition that cl(P) s 1 ~~flJcq (mod Z). So 
UC (P)= i E.& (moda) 1 I cti 9 a= fi ai. i=l i=l 
In case B the condition is that 
UC (P)E i E.pia+l 1 i-1 ’ 2ai 2 
(mod a). 
Proposition 3.1 tells us what the nullity and index of these manifolds is. 
First, we need to know what is the automorphism A: 
R@P*@P-* case A = 
RP*QL,'@L,OP-* case B. 
For the Yang-Mills connexion A on a line V-bundle E, the curvature 
F(A) is -27&,(E), so the automorphism i ad * F(A) is multiplication by 
the Chern number ci (E) [Ml. Hence the negative part above corresponds 
to the negative line bundle and the null part to the trivial bundle. So the 
nullity is, indeed, zero (since we are over P’) and we have that, if we 
suppose that cl(P) > 0, 
indA= 
2 dim, H’(M, P-') case A 
2 dim, H’(M, P-* @ L,) case B. 
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These dimensions can be calculated using the Riemann-Roth Theorem 1.5 
because, just as for ordinary line bundles, we have the vanishing theorem 
H”(M, E) = 0 if E is a line V-bundle and c,(E) < 0. (This follows from the 
ordinary vanishing theorem in our case by applying the equivalence 
Theorem 1.3.) Given x E A with isotropy { i-a,}, let 
fFy = (g = (El) . . . . 8,): &i = 0 if bi = 0 or c(J2 
and si= f 1 otherwise}. 
Then to each _E we get line V-bundles P, with isotropy sibi if si # 0 and pi 
if si= 0. There will be one with minimal Chern number c(6). Similarly, 
given y E B with isotropy ( f pi + y,)/2, let 
f,, = (5 = (E,) . ..) E,): ci=O if pi=0 or cti 
and E, = f 1 otherwise}. 
PROPOSITION 4.5. (i) Suppose x E A with isotropy { *ai} and g E c&. 
Let P, be a line V-bundle with isotropy Eibi if Ei # 0, fli if Ei= 0 and 
c,(P,) > 0. Then 
dimH1(M,P;2)=-l+2c,(PJ-2~$o++N+, I 
where N, = ({i:Ei= 1}1. 
(ii) Zf _E E 4X and P,, P: are two associated line V-bundles 
dimH’(M,P~-2)~dimH1(M,P~~2)~1+N++6mod2, 
where 6 = 0 if pi # cri/2 any i and 1 ij” /Ii = a,/2 some i. 
The second clause follows because 
c,(P,)= i @+imodZ. 
i=l ai 
There will be a minimum dimension for dim H’(M, P; *); we denote this 
by d(x, 6). (This is necessarily greater than N, - 1 - 2 XI= r .siB$xi.) For 
every integer q such that q > d(x, 5) and q = d(x, E) mod 2 there is a corre- 
sponding PL with dim H’(A4, PE -‘) = q by the classification theorem. This 
means that for a given XEA we have one critical point of the Yang-Mills 
functional with index 2q for every integer q > d(x, 5) with q = d(x, 5) mod 2. 
When y E B there is a similar statement. 
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PROPOSITION 4.6. (i) Suppose ye B. Let _EE C$ and let P, be a line 
bundle with isotropy (vifii+yi)/2 if~~#O, (Bi+y,)/2 if&i=0 and~l(P~)>O. 
Then 
dim H’(M, P5-‘@ L,) 
= -1 +2c,(P,)-c,,,)-i~,~+~+. 
I 
(ii) If _E  C$ and P,, PE are two associated line V-bundles then 
dimH1(M,P,*OLo)~dimH’(M, PEp2@Lo) mod 2 
=l+c+N++No mod 2, 
where IV,= I{i: pi=ui}l and c is the “b-invariant” for the fundamental 
line-bundle L,. 
From Section 3 we know that every U(2)-bundle is associated to some 
representation so that the map from Hom(ny(S(L)), SU(2)) to 
isomorphism classes of U(2) bundles with c1 = 0 or l/n cli is surjective. We 
may now calculate H*(flr) and H*(A$) using the results of Sections 6 and 
7 below. 
THEOREM 4.7. For any topological U(2)-V-bundle E let JV~ be the space 
of irreducible or minimal Yang-Mills connexions on E. Then provided the 
isotropy is somewhere non-trivial, 
(i) II* has no torsion; 
(1 + tqNcE) - &,& t2@’ 
= 
(l-?)(l-t”) ’ 
where 
N(E)= I{i: ‘P~#$~}[ (cp, and ll/; are the isotropy atp,), 
c&E= {g:Ei= &l ifq,#$,, E;=O ifcpi=lf5i}, 
L,= (line bundles P with isotropy .zi(qi-tii) and c,(P)<O}, 
d(g) = min{dim H’(P): PE L!}. 
COROLLARY. .h$ has no odd-dimensional homology and no torsion. 
To make effective computations of the Floer homology groups by 
computer we have to describe A LI B efficiently and give a method for 
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finding d(x, _E), _EE &” and similarly for ,VE B. Recall that A = &= 
{(d, b)eB*d=O}, BEE,, and 
Q=AuB= {w:O<o<2a, yio-fii(2cz,), where O<flj<t-x,} 
and 
Moreover A E 2, B g B in a specified way. 
To compute d(o, _E), we use the fact that for given isotropy fl there is a 
minimal non-negative power A(/?) of L, such that L:(p) has isotropy b: 
namely the residue class mod a of x /?+&. Let c denote the “b-invariant” 
of L,, as above. 
PROPOSITION 4.8. (i) If x E A has isotropy ( f pi), 0 6 pi < 42, then 
d(x,_E)=N+-1-2 itI% . [ ,I 
(Note that x is the residue mod a of C j?+z/a;.) 
(ii) If y E B has isotropy ( +/Ii + y,)/2, 0 d fli d ai, then 
d(y,&)= 
i 
N+ - 1 - 2[Cy=, si/?i/2ai + 1/2~], if c is even; 
N+ - 2[C:= 1 EiPi/hi + 1/2~ + l/2], ifcisodd ’ 
(Here y is the residue mod a of C (dipi+ yi) a/2a,, where 6 = 1 iffli d yi and 
- 1 ifnot.) 
[Square brackets denote the integral part.] 
These are proved by direct calculation. We establish (ii). If c,(P,) > 0 
then we have that 
O-C~,(P,)=~~ (%+g) (modZ). 
Hence 
(mod 22). 
so 
0<2c,(PE)=2d-c+!$‘l~, 
I 
where d E Z. Consequently 
2c,(P,) = k + 28; 
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where kcZ, k> -1, and 
0<9<1, 
1 n &iBi BEG+ ,I -mod Z. 
r=, 2% 
Hence 
dim H&(M, P;2 0 L,) 
where I> 0. 
so 
The minimum is attained when P, = Lt and 1 is the residue class of 
a(Cy, 1 (&j/Ii + yi)/(2cli)) (mod a). Let 8 be as above. If c is even I = a0, but 
if c is odd I=aO+a/2 if e<i and I=atl-a/2 if 0>+. We see that the 
minimum is 
unless c is odd and 8 < 4. In the latter circumstance we get 
These formulae may be rewritten as in the statement of the proposition. 
The final formula needs the invariant R of Fintushel and Stern. This 
number is determined by o which is itself determined by the /3’s as Proposi- 
tion 4.8 says. Let R(o) be that number. We write now d(o, _E), where 
o=2xifx~A,and2y-1 ifyEB. 
THEOREM 4.9. 
P,(Hz*(s(L,))) = c t-3--R(W)PJf*(NW), 
oeQ\(Ol 
p 
I 
H*(~ )= ((1 + t2)N(m)-C_EE8u fZd-)l 
w (l-t2)(1-t4) ’ 
where f2 as in Proposition 4.4 and d(o, 5) as in Proposition 4.8. 
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We note that the above formula gives Casson’s invariant of S(L,) [34]. 
We already know what P,H*(Mw) is from Proposition 4.8 and 
Theorem 4.7. To prove the assertion about P,ZZZ*(S(L,)) we note that 
R(o) is odd by results of Fintushel and Stern [S]; a result proved quite 
differently by E. B. Nasatyr [20]. As we see in Section 7, Jm has a Morse 
function with only even indices as conjectured by Fintushel and Stern [S]. 
So the computation of ZZZ*(S(L,)) now follows. However, Simon 
Donaldson has pointed out to us that we do not need to prove the 
existence of a Morse function of JV; with only even indices, for one may 
make a simple homological argument. For simplicity we take the universal 
covering of the space of equivalent classes of connexions so that the 
Chern-Simons invariant lifts to a map to R rather than S’. If we perturb 
the Chern-Simons field very slightly, as in [9], we find that the critical 
points S= LIicz Si, where Si are the critical points near the critical 
manifold X, of Morse index i So we have C = @ iE z C,, where C, is the 
chain group generated by Si. Let d,: Ci + Ci be the derivative which 
calculates H,(Xi). Then, if d is the Floer derivative, d= d’+ d”, where 
d’ = d, + ... + d, and we have extended di to the whole C by setting 
di(z) = 0 if z E Ci, j # i. Now (d’)’ = 0 and the homology 
H(C, d’)= 0 H(C,, di)= @ H*(X;) 
iez itZ 
is the E,-term of a spectral sequence convergent to H(C, d) defined by the 
filtration {H,(C) = @ + s C,},. An element of H’(Xi) has total degree i + j. 
Hence H(C, d) has only even degrees if (i) H*(Xi) does and (ii) Xi is empty 
unless i is even. The condition (i) follows from Theorem 4.7. Fintushel and 
Stern showed the condition (ii) by computing the Morse indices to be 
-3 -R(o), which are always even [8]. 
If one is going to construct a Morse function with only even indices, 
when dim J$a 6, one can apply Smale’s general theory under Theorem 4.7 
and the fact that NU is simply connected (Theorem 7.11, Corollary 8.4). 
When dim J$ <4, Bauer and Okonek show that &Yw is a nonsingular 
rational algebraic variety, hence has a required Morse function [3]. On the 
other hand, in [ 151, Kirk and Klassen construct such a Morse function by 
realizing the moduli space geometrically following [8]. We show the above 
rationality in Section 8 from our point of view (Theorem 8.3). 
PROPOSITION 4.10 [ 161. Giuen relatively prime ul, . . . . GL, and o E f2. 
;(3+R(o))=$+ i ++), 
i= 1 I 
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k-l 
N(x, y;k)=k+ 1 (2k- l-2j)[x, y;j+ l] 
j=l 
k-l 
+ C W-ACxIA, 
j=2 
CxIjl= 1 i 
if j-O(x) 
0 if not, 
ifone of y, 2y, . . . . (y* - 1) y is congruent mod x to k 
ifnot. 
(Here y* is inverse of y(mod x): 0 < y* <x and yy* s l(x).) 
This formula follows by elementary calculation from the trigonometric 
formula of [S] and [16]. (We think that the Atiyah-Singer theorem for 
V-bundles and V-manifolds implies that 
R(w)=(n-3)+?+ i 
i=l 
The third term on the right hand-side is missing in [S] and we have added 
it.) 
The formula is sufftciently explicit for a computer to be used-but the 
time needs increases at least as fast as nl= r ai. Let us write L’(a,, . . . . a,,) for 
the homology sphere corresponding to the fundamental line V-bundle over 
S2 with n ramification points of orders aI, . . . . a,,. 
PROPOSITION 4.11. 
(i) P,(ZZZ*z(2, 3, 5, 7)) = 7( 1 + t2 + t4 + P) Cf31, 
(ii) P,(ZZZ*JC(2, 3, 5, 7, 11)) = 125( 1 + t4) + 123t2( 1 + t4) [ 151, 
(iii) P,(ZZZ*C(2, 3, 5, 7, 11, 13)) = 2230( 1 + t2 + t4 + t6). 
We remark that we could treat SO(3)-V-bundles directly if we used 
Lemma 3.6. An SO(3)-version of Theorem 4.1 would give a bijective 
correspondence between flat S0(3)-connexions on S(L) and flat SO(3)-V- 
connexions on M. (Note that the holonomy along the general fibre is 
always the identity since S(L) is a homology 3-sphere and the centre of 
SO( 3) is trivial.) Then, in both case A and case B, we can take L; @ C as 
a U(2)-lift of L,” @ R. 
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5. HOLOMORPHIC VECTOR V-BUNDLES AND 
PARABOLIC STRUCTURE 
The notion of a holomorphic vector V-bundle is closely related to that 
of parabolic structure defined by V. B. Mehta and C. S. Seshadri in [ 171. 
DEFINITION 5.1 [ 173. Let M be a Riemann surface with marked points 
pl, . . . . p,, and F a holomorphic vector bundle on A4. A parabolic structure 
on F is a flag 
and at each pi weights a;,, . . . . a: attached to FL,, . . . . Fz’ such that 
0 < a;, < . . . < a;’ < 1. 
Let E be a holomorphic vector V-bundle on a Riemann V-surface 44. 
The sheaf of holomorphic sections of E is locally free and can be seen as a 
vector bundle F on the underlying Riemann surface M (Proposition 5.11). 
In this section we show that F has a natural parabolic structure with 
rational weights and this gives a bijective correspondence between 
isomorphism classes of holomorphic vector V-bundles and those of 
parabolic bundles with rational weights. Moreover the notions of degree 
and stability coincide. These correspondences are generalization of 
U. Bhosle’s result [S, Proposition 1.51. 
DEFINITION 5.2 [17]. (i) The parabolic degree par deg F of a 
parabolic bundle F is defined by 
par deg F = deg F + 1 p{c$,, , 
i.i 
where p{ = dim F’p, IF’,: ’ is the “multiplicity” of the weight a;,. 
(ii) A parabolic bundle F is stable, resp. semistable, if any 
holomorphic proper subbundle F’ satisfies 
par deg F’ 
rk F’ 
< par deg F 
rk F (rev. < 1, 
where the parabolic structure of F’ is defined by the flag 
{Fb,nFi,,:Fb,nF’,,~F~~nF’,~‘} 
and the weights cl;, for FL, n F;,. 
We shall explain the relation between holomorphic V-structure and 
parabolic structure by a gluing construction of holomorphic (V-)bundles, 
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which is an extension of the construction of point bundles. Let L be a 
holomorphic line bundle over M with a trivialization @: L 1 U x C around 
p E M. Fix a holomorphic function s on U\ { p} such that s has no zeroes 
on U\{ p} and s has p as a zero of order 1. (If I < 0, s has p as a pole of 
order -1.) 
Define L’ as an union of L 1 M\ { p} and U x C patched together by 
then Y extends to a local trivialization of L’ at p. We note the following. 
(i) When we fix s, the above construction gives. bijective corre- 
spondence between {(L, @)} and {(L’, Y)}, where @ (resp. Y) is a local 
trivialization of L (resp. L’) aroud p. 
(ii) If we take @ as a global meromorphic section of L* and s a 
global meromorphic function, then Y is also a global meromorphic section 
of L’*. By counting zeros and poles, we have 
Cl(L)) = c,(L) - I. 
(iii) The choice of @ is not unique. Let Aut I be the group of germs 
of holomorphic C*-valued functions at p. Other choices are given by cp@ 
for cp E Aut, . Similarly other choices for Y are given by $Y for II/ E Aut, . 
As the corresponding object to (L, cp@) is (L’, sP ‘qd) = L’, rps-‘0) = 
(L’, cp@), the change of @ exactly corresponds to the change of Y. 
Hence this construction also gives a bijective correspondence between 
isomorphism classes of L and those of L’. 
(iv) In terms of sheaves, (iii) is simply a consequence of the following 
fact. The sheaf of holomorphic sections of L’ is canonically isomorphic to 
the sheaf of holomorphic sections of L with order at least 1 at p. 
In (iii) and (iv), the choice of s reflects only the number 1. Let S, be the 
set of meromorphic germs at p E M. Then the quotient set S,/Auti is 
parametrized by Z. This is the reason why in (iii) or (iv) the choice of s is 
not too important. 
When L is a product line bundle and I = - 1, this is a construction of a 
point bundle mentioned in Section 1. 
We can generalize the above construction to holomorphic vector bundles 
and moreover, to holomorphic vector V-bundles. Extensions of (i) and (ii) 
are straightforward. However, in general, we cannot simply drop the data 
given by the local sections Qi and Y to obtain extensions of (iii) and (iv). 
Let E be a holomorphic rank r vector bundle and @ be a local trivializa- 
tion around p~kf. Let s be a fixed meromorphic function valued in 
GL,(C). Then we can glue EIM\{p} and UxC’ by Y=s-‘@ to get a 
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new holomorphic vector bundle F, where U is a neighbourhood of p such 
that @ is defined on U and s as above with r = rk E and, in addition, 
holomorphic on U\{p}. Let Aut, be the group of germs of holomorphic 
G&(C)-valued functions at p. If we replace @ by 9@ for some 9 E Aut, 
then, formally, Y should be replaced by $ Y, where I,+ = ~~‘9s. However, in 
general, ~~‘9s does not belong to Aut,. We can only say that if 
9 E Aut, n s Aut, s- ‘, then $ = ~~‘9s ES-’ Aut,s n Aut,. In other words, 
we can only say that there is a bijective correspondence between pairs of 
E and an extra structure parametrized by Aut,/(Aut,ns Aut,s-‘) and 
pairs of F and an extra structure parametrized by Aut,/(s-’ Aut,s n Aut,). 
For 9 E Aut, n s Aut,s-‘, we can think of the expression s-‘9@ as 
replacement of s by 9 -‘.s in the expression s- ‘@. As 9 -‘s is an element of 
Aut,s n s Aut,, we can naturally introduce an equivalence relation 
s N t ++ t E Aut, s n s Aut,. In the above correspondence, if s and t are 
equivalent in this sense, they give the same correspondence up to 
isomorphism. 
We shall show that, when we consider holomorphic vector V-bundles, 
parabolic structure naturally appears as the extra structure above. 
For simplicity of notation, we treat a Riemann V-surface with one 
ramilication point p of degree c( and a parabolic structure defined at p. 
To describe the correspondence above precisely, we use a fixed local 
V-coordinate z H zLI on a neighbourhood ~~25, = U of p. This coordinate 
will be used to give s explicitly. (A different choice of V-coordinate gives an 
equivalent s, hence the choice is not eventually important.) 
Let E be a holomorphic vector V-bundle of rank r, and J!? be the 
Z,-equivariant bundle over 0 that defines the V-structure of E. 
DEFINITION 5.3. A local trivialization @: ,!?+ 8x C’ is compatible with 
V-structure if @ is Z,-equivariant for the Z,-action on ox C’ given by 
t(z; II) . ..) z,) = (tz; fk’Zl) . ..) tkrz,) 
for some integers k,, . . . . k,. Moreover if 0 <k, 6 . . . <k, < ~1, then we call 
@ good. 
Every holomorphic vector V-bundle has a local trivialization at p 
compatible with V-structure. In fact we can take local holomorphic 
sections fr, . . . . f, of E so that {f,(p), . . . . f,(p)} is a basis of (E), consisting 
of eigenvectors, and we can set 
@= ( 1 tP(t.fi) r ) tez, > i= 1 
where ki is an integer such that t .L(p) = tkx(p). 
tQ7/9611-6 
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Let @ be a local trivialization compatible with V-structure. Let 
be a bundle map defined by 
z /I 
s(l, 3 “., Z,)(z)= 
( ) 
. . . . 
Z’, 
Let E(f,, . . . . I,) be the holomorphic vector V-bundle defined by patching of 
EIM\{p} and OxC’ by Y=,s(l,,...,f,))‘.@. Let p be the isotropy 
representation of E at p described by @. We have 
tk’ P= ( 4 
. . tkr 
for some k,, . . . . k, and 
qt. u) = p(t) @(II). 
Then 
Y( t . u) = s(l, ) . . . . l,)(tz)-’ @it.u(-” .. J y’(u). 
In particular E(k,, . . . . k,) has a trivial isotropy representation. 
LEMMA 5.4. 
c,(E(1,, . . . . l,))=c,(E)- i 2. 
i= 1 
ProoJ Take determinants, and the formula can be reduced to that for 
a line V-bundle. Then take tensor power a-times, and it can be reduced to 
that for an ordinary line bundle, which is well known and has been 
explained earlier. [ 
Suppose @ is good. Identify EP with C’ as above using Y. Let m be the 
number of distinct ki and let /A~, . . . . c(,,, be the respective multiplicities of 
each, so that we have k,= . . . =kP,<k,,,+l= . . . =k,,,+., and so on. 
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A parabolic structure on F at p is defined by the flag 
js- I r-A-1 
F,= F’s .-.sF”‘#O, where F”=a@CD, 
and by assigning weight kjSJx to F’, where j, = pul + . . . + P,~. (*I 
DEFINITION 5.5. Suppose F is a parabolic bundle with weights 
0 < k,/a < . . . < k,/a < 1 including multiplicity. A local trivialization 
Y: FI U + Ux C’ is compatible with parabolic structure if the flag is 
described as (*) through Y. 
As in the case of line bundle, we have the following. 
PROPOSITION 5.6. The construction EH E(k,, . . . . k,) gives a bijective 
correspondence between isomorphism classes of holomorphic vector V-bundles 
with good trivializations (E, @) and isomorphism classes of parabolic bundles 
with trivializations compatible with parabolic structures (F, Y). 
We shall prove: 
THEOREM 5.7. The correspondence (E, @) c-) (F, Y) gives a bijective 
correspondence between isomorphism classes of holomorphic vector V-bundles 
and those of parabolic bundles. 
To prove the above, we need to consider local automorphism groups of 
V-structure and parabolic structure. 
Proof: Let Aut, be the group of germs cp of holomorphic G&(C)- 
valued functions at OEC satisfying q(tz) =p(t) p(z) p(t)-’ for any t E&,, 
where 
tk’ 0 
p(t)= . 
i 1 
. . (k, <kz< ... <k,). 
0 tkr 
Let Autpar be the group of germs + of holomorphic GL,(C)-valued func- 
tion at 0 EC satisfying $(tz) = +(z) for any t E Z, and preserving the flag 
(*). The correspondence in Proposition 5.6 is given by Y = s-’ . Qi, where 
s = s(k,, . . . . k,). If we replace @ by cp. @ for cp E Aut “, then formally Q, is 
replaced by $. Y for @ = SK’rps. Hence it suffices to show that Aut y and 
Aut,,, are isomorphic to each other through the map cp H I,$ = SK’cps. 
Let C’ be decomposed as C’ = G’ @ ... @G” according to the multi- 
plicities of the weights, where G” is a subspace of C’ of the form 
(00 ... @O@C@ ... @C@O@ ... 00). 
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Let k,,/a be the weight corresponding to G”; then kj, < . . . <k,,. For ease 
later, write kjz = d(s). 
For cp E Autv, we show cp =s-‘cpsE Au&. We write q(z) = (vu(z)), 
where ‘piJ: G’+ G’. The condition q(tz) = p(t) q(z) p(t)-’ reads 
By using the Taylor expansion, we have a holomorphic germ CpV(z) such 
that 
cpij(4 = 
Zd(+ d(i)@ii(Zz), if i>,j 
zd(i)- d(j)+ a - 
4%j(zah if i < j. 
In particular 
if i=j 
otherwise. 
Then q(O) E G&(C) implies q,(O) E GL(G’). 
Similarly we write ll/(z) = (I++,(Z)) for Ic/ = SK’cps; then 
tiiitz) = z-d(i)+d(j)q..(Z) = if i>j 
if i< j, 
which is a holomorphic germ satisfying tiii(tz) = tiii(z). In particular 
which implies 1(/ E Au&,. 
Similarly we can show s$s- ’ E Autv for II/ E Au&. 1 
In this case the space Aut,./(s-’ Aut, s n Aut,) = Aut,/Au&, 
parametrizes the parabolic structures at p. 
From Lemma 5.4, we have 
PROPOSITION 5.8. The correspondence E c* F in Theorem 5.7 preserves 
degree in the sense that 
c,(E) = par deg F. 
Now we can show the correspondence of the two notions of stability. 
PROPOSITION 5.9. In the correspondence E c) F in Theorem 5.7, the 
parabolic bundle F is stable (resp. semi-stable) if and only $ the holomorphic 
vector V-bundle E is stable (resp. semi-stable). 
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Proof Suppose that E is stable (resp. semi-stable). For a subbundle F’ 
of F, we choose a local trivialization Y of F that is compatible with 
parabolic structure and also with F’ in the sense that for each intersection 
of FI, and a subspace the flag is of the form 
(00 .‘. @O@C@ ‘.. @C@O@ ... 00). 
This is done by first choosing a local trivialization of F’ compatible with 
the induced parabolic structure and extending it to F. Then @ = s . Y gives 
a V-subbundle E’ of E corresponding to F’. Now we have 
par deg F’ c,(E’) ci (E) 
= rk < (resp. d ) - = 
par deg F 
rk F’ rk E rkF ’ 
which implies that F is stable (resp. semi-stable). The converse is shown 
similarly. 1 
For a general parabolic bundle F, there is a canonical filtration of 
F called the Harder-Narasimham filtration [17]. It is a filtration 
O=Fo,sF,s . . . s F, = F, such that par deg F&k Fi is strictly decreasing 
and Fi/Fi- i is semi-stable. As this is canonical, the dimensions of inter- 
section of F, and subspaces appearing in the flag are determined by F. 
(Nitsure in [23] called these data “an intersection matrix.“) Take a local 
trivialization of F which is compatible with each induced parabolic struc- 
ture of Fi. This is done as in the proof of Proposition 5.9. Then we obtain 
a filtration 0 = EO !$ E, 5 . . . s E, = E of the corresponding holomorphic 
vector V-bundle E, which has the same “slopes” { c,(E,)/rk E,} as F. We 
call this sequence of slopes the Harder-Narasimhan type of E. Conversely 
if we start with the Harder-Narasimhan filtration of E, we obtain a 
filtration of F with same slope. As the Harder-Narasimhan filtration is 
characterized by a maximality of slope [19], we establish 
PROPOSITION 5.10. The Harder-Narasimhan filtrations also correspond 
to each other in the correspondence in Theorem 5.7. Nitsure’s intersection 
matrix defined for a parabolic bundle corresponds to the isotropy representa- 
tions of V-subbundles appearing in the filtration for a holomorphic vector 
V-bundle. 
As in the case of line bundles, we can describe the correspondence 
without using local trivializations. 
PROPOSITION 5.11. In the correspondence E tt F in Theorem 5.7, the 
sheaf of holomorphic sections of E is canonically isomorphic to the sheaf of 
holomorphic sections of F. 
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This is a consequence of an isomorphism between C-valued holo- 
morphic germs f(z) satisfying f(tz) = p(t) f(z) and C-valued holomorphic 
germs g(z) satisfying g(tz) = g(z) through f(z) = s(k,, . . . . k,) g(z). 
Next we compare gauge groups for a vector V-bundle and a parabolic 
bundle. 
Let E be a holomorphic vector V-bundle and let F be the corresponding 
parabolic bundle. The proof of Theorem 5.7 tells that the group of 
V-smooth gauge transformations of E which are holomorphic around p is 
isomorphic to the group of smooth gauge transformations of F which 
preserve the flag at p and are holomorphic around p. Note that there is no 
correspondence between hermitian metrics on E and F as the map s would 
not preserve hermitian metrics. However if we fix hermitian metrics on E 
and F, then the above isomorphism still implies a relationship. 
PROPOSITION 5.12. Let $ be the group of continuous unitary V-gauge 
transformations of E and SP,a the group of continuous unitary gauge trans- 
formation preserving parabolic structure. Then B9ZE is homotopy equivalent 
to B%y. 
In fact we can show that two groups & and ?Jy are isomorphic by 
using a slightly different patching function from s. Suppose that a con- 
tinuous V-bundle E with hermitian metric is given. Fix a trivialization $ 
around p. By using S: a\{ p} + U(r) defined by 
( 
(z/M Jk’ i(z) = . 
(z/M jkr 1 
we can construct a continuous parabolic bundle F with hermitian metric 
and a local trivialization P = S- ‘6. It is easy to check that 9ZE E G$Y. The 
argument is parallel to the proof of Theorem 5.7, but, instead of the Taylor 
expansion, uses limit value at p. As S is not smooth at the origin, this 
isomorphism does not induce an isomorphism between smooth gauge 
groups. 
The parallelism between V-structure and parabolic structure is not 
perfect at this point. 
6. YANGMILLS V-CONNEXIONS AND STABILITY 
To prove that the stratification on the space & of V-connexions on a 
V-bundle E is equivariantly perfect (with respect to the gauge group $) we 
follow [l] and use algebraic topology. This requires an extension of the 
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Narasimhan-Seshadri theorem to the situation of V-bundles or-if we 
prefer-to the equivariant situation with respect to the action of a group 
D (Theorem 1.3). (The identification of V-bundles with parabolic bundles 
in Section 5 enables to see that we might also handle the situation using 
that notion. But the extension given in [ 171 does not immediately apply 
because (i) the group has elliptic elements and (ii) it is assumed that g 2 2). 
In our situation the most natural way to proceed is take the proof of S. K. 
Donaldson [6] and check that it extends. The crucial step is Uhlenbeck’s 
compactness theorem [35]. We can prove the local version when there is 
a Z/a-action and so establish Lemma 1 of [6], where now USE ~9~. The 
proof of [6] thus generalizes since we have the Harder-Narasimhan 
filtration [32]. (In the case of rank 2 vector bundles we can also argue 
equivariantly, but it seems more subtle.) 
This enables one to prove, in exactly the same way that Donaldson 
proves the standard theorem, an extension of the theorem of Narasimhan 
and Seshadri to Riemann surfaces with ramification points. 
THEOREM 6.1. Let M be a compact oriented Riemann V-surface. An 
indecomposable V-bundle over M is stable if and only if it has a central 
Yang-Mills V-connexion. 
Note that the above theorem applies to any Riemann V-surface and any 
vector V-bundle. 
When the orders of isotropy are coprime and x(M) < 0 we can give the 
theorem in terms of the representations of the central extension rR of the 
(orbifold) fundamental group n:(M) (see Section 3), extending 8.1 of [l]. 
THEOREM 6.2. There is a bijective correspondence between isomorphism 
classes of rank k stable holomorphic V-bundles over M and classes of 
irreducible representations of fR in U(k). 
If the orders are not coprime we get a similar statement, but we have to 
fix a topological line V-bundle L to start with. Then there is a bijective 
correspondence between isomorphism classes of stable rank k vector 
V-bundles E such that det E = L and irreducible representations of 
xy(S(L)) in SU(k) such that p(h) = ePzniik where h generates the center of 
~xw)). 
The argument of Mehta and Seshadri is more difficult to adapt but the 
first difficulty, that I- has elliptic elements, is not serious. We can get 
around this by considering the punctured Riemann surface as did Mehta 
and Seshadri. They observed that given a unitary flat connexion on 
Riemann surface M punctured at p, , . . . . p,, one may construct an associated 
parabolic bundle on M of parabolic degree 0. This is done by taking 
the holomorphic vector bundle with hermitian metric defined on 
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M\{P,T ‘.., p,} and extending its sheaf of sections to the whole of M by 
defining the stalk on pi as germs of holomorphic bounded sections in a 
punctured neighbourhood of pi. Mehta and Seshadri showed that this was 
locally free and that the associated holomorphic vector bundle had a 
natural parabolic structure. The weights of that structure were determined 
by the eigenvalues of the monodromy maps around pi, I< i < n, for the 
connexion. When these monodromy maps have finite order we can think of 
the situation as a unitary flat V-connexion on a V-bundle with a natural 
holomorphic structure. Using Riemann’s removable singularity theorem the 
sheaf of sections of this V-bundle can be identified with the sheaf defined 
above. A fundamental theorem of theirs was the following. 
THEOREM 6.3 [ 17, Theorem 4.11. Suppose that the genus of M is B 2. 
Then there is a bijective correspondence between irreducible unitary flat 
connexions on M\ { p, , . . . . p,) and stable parabolic bundles with parabolic 
structures at p,, . . . . p,, and parabolic degree 0. 
When the weights are rational we can reformulate this using Proposi- 
tions 5.9 and 5.10. 
COROLLARY 6.4. Suppose that M has genus > 2. A holomorphic 
V-bundle of degree 0 is stable if and only ifit comes from an irreducible flat 
unitary V-connexion. Moreover, the correspondence is bijective. 
Unfortunately in their proof the assumption on the genus g is essential. 
They use the existence of an irreducible flat unitary V-connexion with 
specified local monodromy. (For this the explicit description of the 
fundamental groups of M\ { pl, . . . . p,} is used; see [17, p. 2381.) However, 
when g = 0 such does not always exist, as mentioned in Section 3. 
Nonetheless, the fact that the set of isomorphism classes of semi-stable 
parabolic bundles modulo a certain equivalence relation is a coarse moduli 
space when there is at least one stable parabolic bundle [ 17, Remark 4.61 
holds without restriction on the genus. Consequently we have a similar 
result for V-bundles, a fact we shall use in Section 8. 
In terms of V-bundles, the technique [ 171 of introducing an auxiliary 
point and considering covers ramified there may be interpreted in terms of 
tensoring with a line V-bundle. Both reduce one to the case when ci = 0. 
Donaldson’s proof of the standard theorem for Theorem 6.1 is done by 
induction for the rank of the vector bundle. When the rank is one, the 
statement is equivalent to the Hodge theory. The technique of introducing 
an auxiliary point, mentioned above, also needs the existence of a 
Yang-Mills V-connexion on the line V-bundle appearing as a point 
V-bundle. Since the Hodge theory is a linear theory, it is not difficult to 
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adapt it to V-manifolds. For instance, the construction of a parametrix is 
a local problem, so averaging by local finite group action and patching by 
a partition of unity give a “V-parametrix.” 
In the rest of this section we explain that the Hodge theory induces 
the existence of geometric structure on a Seifert tibred manifold over an 
oriented V-surface. 
Suppose M is a closed Riemann V-surface which can be uniformized. It 
is known that this condition is equivalent to the assumption of 
Theorem 1.2 [28]. We use the V-metric with constant curvature. Let L be 
a line V-bundle over M. Fix a hermitian V-metric as we have been doing. 
Using the Hodge theory we take a Yang-Mills V-connexion A on L [l]. 
We write G for the orientation preserving isometries of the universal 
covering fi and 1 for the pull-back of L to a. Let H be the group of 
bundle automorphisms of S(z) which both 
(i) cover actions of elements of G, and 
(ii) preserve the induced Yang-Mills connexion 2. 
Then we have a central extension 
l+S’-+H--+G-+l. 
We can identify the Lie algebra A of H as follows: 
R = {(X, f): X is a Killing vector field on & and 
f: fi + R satisfies df + lxFA = 0.) 
z { Y: Y a vector field on S(z) covering a 
Killing vector field and L,(a) = 0). 
The correspondence between (X, f) and Y is given by Y= w+fa,, where 
x is the horizontal lift of X and 8, is the generator of the principal 
S l-action. Since 
dr,F,- = L,F,- = 0, 
we can solve df + zxFz = 0 for f: (When J? is not flat, FJ defines a 
symplectic structure on A?. Then the map R--f C’“(R), (X, f )++ -f is a 
comomentum map of the H-action on I@.) 
If we fix a base point p0 of I@, a splitting s: 9 + R is defined by 
s(X) = (X, f ), where f (PO) = 0. We consider the cocycle describing the 
central extension 
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Suppose [X,,XJ=X,, s(X,)=(X,,fi), and Yi=zi+f,a, (i=1,2,3). At 
p. we have 
= Y,-F,-(X,,X*)a,. 
Here the cocycle is given by -(FA)~~. Note that if it is not zero, all such 
cocycles give isomorphic extensions. 
Since H acts on S(z) transitively and the stabilizer of a point is a 
2-dimensional torus, hence compact, S(L) has a geometric structure by the 
definition. 
According to x(M) -c 0, X(M) = 0 or X(M) > 0, we have G = PSL,R, 
SO,K R* or SO(3) respectively. According to c,(L) =0 or c,(L) #O, the 
central extension is trivial or non-trivial. Therefore there are six cases. This 
result is well known [28]: 
c,(L) = 0 S*xR E3 H*xR 
c,(L) # 0 s3 Nil SD 
7. COHOMOL~GY CALCULATIONS (OVER Z) 
From the preceding section we know that there is, for a Riemann surface 
with ramification points pi of orders c(~, 1~ i < n, a bijective correspondence 
between classes of holomorpic V-bundles and of parabolic bundles with 
weight at pi of the form bi/ai, 0 Q pi< cli. This correspondence preserves 
stability and semi-stability so that we may identify the moduli spaces. We 
wish to calculate their integral cohomology. For this we shall apply the 
method of Atiyah and Bott [l]. It may be applied in the category of 
V-bundles or in that of parabolic bundles. As there is no evident way of 
identifying the spaces of connexions on the two bundles, the two methods 
are not apparently equivalent. We shall work in the category of V-bundles 
and use the preceding section mainly for the computation of the cohomology 
of gauge group which is much simpler for parabolic bundles since it is a 
subgroup of the gauge group of the underlying bundle. After we had 
carried this out, completely for rank 2 and in outline in general, we realized 
that much of the computation for parabolic bundles had already been 
made by Nitsure [23]. 
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PROPOSITION 7.1. Let E be a V-bundle of rank I and group U(I) with 
weights 0 < ki, < “.ki,<aj at pi. Then 
H*(BgE) = H*(Map(M BU(l)),) 0 i H*(u(f)/‘Zi), 
,=I 
where Z;= {gE U(I): gp,=pig} and p,: Z/al -+ U(1) is the isotropy 
representation. 
Proof If we use Proposition 5.12, this is just Proposition 3.2 of 
~231. 4 
It follows from this proposition that H*(B$!&) has no torsion. We want 
to show that the certain moduli spaces have no torsion, and for this we 
need an analogue of Proposition 2.21 of [ 11. 
PROPOSITION 7.2. Let U( 1) + $ be the inclusion by the diagonal map. 
Then H*(B$) + H*(BU( 1)) is surjective if E is indivisible as vector 
V-bundle. 
COROLLARY 7.3. (i) If E has multiplicity free isotropy at some point 
then H*(BgE) + H*(BU(l)) is surjective. 
(ii) If, for any proper sub-V-bundle F of E we have c,( F)/rk F # 
c,(E)/rk E, then H*(B9JE) -+ H*(BU(l)) is surjective. 
(The condition (i) translates into that of having a maximal flag at some 
point and gives examples of stable V (or parabolic) bundles whose 
underlying vector bundle is not stable.) 
COROLLARY 7.4. Suppose E is a vector V-bundle over P’ and satisfies the 
hypothesis of the proposition. Zf gE/U(l) acts freely on a space W then 
(i) P?(q) = PI(%?/?&). (1 - t2)-‘; 
(ii) H*(Gt?/Cf?E) is torsion free if H*(BYE) is. 
For the proof of this consider the two fibrations 
BU(l)- BE - B(S) 
where SL = ?&/U( 1). Since the map in cohomology between the total space 
and the tibre is surjective in the top fibration, the Leray-Hirsch theorem 
tells us that the Serre spectral sequence for each collapses and the cohomol- 
ogy is as described. 
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Proof of Proposition 7.2. Since H*(BU( 1)) is generated by a class u in 
H’(BU(1)) r Z it is sufficient to prove surjectivity for H*. Moreover, 
Proposition 7.1 combined with 2.12 and 2.13 of [ 1 ] tells us that it is 
sufficient to check the case when M = P’. Here gE is connected and we 
have identifications 
H2(Wl )) g + Hom(z,(U(l)), Z) 
I I 
H’(B$) g b Hom(n,(&), Z). 
(To show that gE is connected, first of all, we have to show that Aut(E), = 
Z(Im pi) is connected for each pi. If the structure group is not the unitary 
group, this is not connected in general. See the proof of Proposition 1.8.) 
We need to show that z,(U(l)) injects onto a direct summand of ~~(3~). 
Under the hypothesis of the proposition, [E] E Kv(P’) is indivisible by 
Lemma 1.1.1 and the result follows directly from the next proposition. 1 
PROPOSITION 7.5. There is, provided E # 0, an exact sequence 
O-+RI(~~)+KV(M)+ & (R(Z/cc,)/R(E,i))-+O, 
i= I 
where K,(M) is the Grothendieck group of complex V-bundles, R(Z/u,) the 
representation ring of Z/u, and R(E, i) the subgroup of R(Z/cri) spanned by 
the irreducible components of the isotropy of E at pi. 
ProofI We use a construction of [ 11. Let f: S ’ + gE represent a class in 
z,(?&) and take E x I$,,, ExD;,,. Form a V-bundle Ef over M x S* by 
gluing these together over M x S’ using f: Then M x S* is a V-manifold 
(though one with more general singularities than we have so far con- 
sidered) and E, is a V-bundle. Over M x (0) it has canonical identifiction 
with E and we can take 
CE,I - CE,IE&(MX S2, Mx {O}), 
where we suppress a notation for the identification between E/ and E, on 
M x (0). Now the Thorn isomorphism theorem for V-bundles gives an 
isomorphism between K,(MxS2,Mx (0)) and K,(M), hence a 
homomorphism 
which carries the image of the generator of n,( U( 1)) onto [E]. When we 
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restrict to a ramification point pi we find that we have an element in 
KV(pi) E R(Z/a,). By its very construction this element lies in R(E, i), 
where R(E, i) is the subgroup of R(Z/ai) spanned by the irreducible 
components of the isotropy representation at pi. So the composition 
@ ” XI- K,(M) - & R( Z/ai)/R( E, i) 
*= I 
is trivial. 
Suppose now /? E K,(M) and that under the Thorn isomorphism B 
corresponds to a class represented by (F,, F2, cp), where cp: F, 1 M x {0} zz 
Fz 1 M x {O}. Just as for ordinary bundles we have a stability lemma. 
LEMMA 7.6. Suppose X is a V-manifold and Y a non-empty sub-V- 
manifold such that X\Y is smooth. 
(i) Let < be a V-bundle over X satisfying 2 rk 5 B dim X. Then for any 
a E KV (X, Y) there are a V-bundle r’ and an isomorphism 9: r’ I Y g 5 ( Y such 
that a = [(l’, 5; 6)]. Moreover, [t’] is uniquely determined by a. 
(ii) Let ‘1, and q2 be a V-bundle over X satisfying 2(rk q2 - rk q, ) > 
dim X, and let @: q, 1 Y -+ q2( Y be an injection. Then $ extends to an 
injection on X uniquely up to homotopy. 
(To see (i) write a= [(q, q’, +)I, $: ql Y -% $1 Y. Then, using (ii), the 
map $ @ 0: q 1 Y -+ 9’ @ 5 1 Y extends to an injection $ on X, and 
(v]’ @ o/$(q) = t’ will do. W e can show (ii) in the same way as in Proposi- 
tion 1.10, so we omit the proof.) 
First we take X= pi x S’, Y= p, x {O} and rx a non-zero eigenspace of 
El pi corresponding to 1 E$. The element a is the “difference” between 
the eigenbundles of F, I pi x S2 and F, 1 pi x S2 for the same character x. 
Because rk 5, >, 1 we can, by the lemma, find [I, and 8, such that 
0,: t;kl pig t, and a = [(r;, 5, x S2; fI,)]. For characters which do not 
appear in El pi we have a = 0 by hypothesis. The bundle {l, is, by the Thorn 
isomorphism theorem, associated to [g,] E n,( U(dim 5,)). This can be 
globalized using the “point” line V-bundle Lj[ (Section 1) associated to the 
representation x. We have, putting all together, D’= ox dim <,Lf, 
giE 7c,(9?D, I pi) such that 
CD;,1 - CD;1 = CF,, FI;7) cp)l over (pi> x S2. 
Since E E D’ over pi, replacing D’ by E, we have 
L&l - CEII = [VI* F2, cp)l over Mx (0) u jj {pi} x S2. 
i= I 
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This argument shows that the map cp @ 0: F, + F2 @ E, on M x (0) 
extends to an injection on M x (0) u II;=, {pi} x S*. We apply 
Lemma 7.6(ii) with X= M x S2, Y=Mx(O}uII~=, {pi}xS2, q,=F, 
and q2 = F2@ E, to obtain an injection $: F, + F,@ E, on X such that 
@IMx{O}=cp@O. Then F,@E,/cj(F,) is of the form E, for some 
gE ~l(‘%)E) and 
CV’,, F2, cp)l= C&l - CEll. 
The uniqueness in Lemma 7.6 assures that 7~i(%~(E) -+ K,(M) is injective. 
Proposition 1.9 combined with the observation that rk: R(E, i) + Z is 
surjective shows that K,(M) -+ @ R(Z/a)/R(E, i) is surjective. 1 
When E has multiplicity free isotropy, to show that x1( U( 1)) is a direct 
summand of rc,(Y,& we can give a simpler argument. For a multiplicity free 
libre Ep, it is immediate to see that the composition Z = rri(IY(l)) + 
rrl(gE) + n,(Aut E,) is injective and its image is a direct summand of 
rri(Aut E,). Hence we have the result. Under the same assumption it is also 
easy to see the surjectivity of H2(BgE) + H2(BU( 1)) directly. In fact if we 
consider the above sequence before taking rrn,, the two maps are group 
homomorphisms and so induce maps between the classifying spaces. Then 
we can use a similar argument. 
To discuss holomorphic matters we must turn to GL(Z, C) instead of 
U(f). The new gauge group 3; can be thought as the complexification of 
$. As expected, 
Given a fixed topological type, the holomorphic structures of E form an 
affine space %E with T, %YE r Q’,‘( End E) as is explained in Section 7 of 
[l]. It immediately generalizes to V-bundles. Here we need suitable 
Sobolev spaces, but now that this technique is standard [ 1,231 we 
suppress the notation. Note that if we fix a hermitian V-metric on E, then 
%?E is identified with the space d of hermitian V-connexions [ 11. 
The orbits of 9; are the isomorphism classes of holomorphic V-bundles 
of topological type E. They are stratified by their Harder-Narasimhan 
types CL, which are partially ordered under the rule 
(Here I= rk E.) We know from Shatz’s paper [33] that if %! denote the 
stratum of type p then 
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at least when there are no ramification points. There are several ways to 
justify this relation when M has ramification points. One way is to adapt 
Atiyah and Bott’s argument in [l] to V-surfaces. Another way is to use 
Theorem 1.2 and reduce it to the standard case. We explain the second one. 
Suppose M= N/D, and F is a (smooth) D-equivariant vector bundle 
corresponding the (V-smooth) V-bundle E. Then %?E is the fixed point set 
of %?F for an induced D-action on it. Since the Harder-Narasimhan liltra- 
tion is canonical, the D-action preserves the Harder-Narasimhan stratilica- 
tion of vF. Moreover, for a D-invariant holomorphic structure on F, the 
D-action preserves the filtration and it induces the Harder-Narasimhan 
stratification on E. Hence the above relation for E follows from that for F 
by restriction. 
Recall that the Harder-Narasimhan type is the slopes of successive 
sub-V-bundles appearing in the Harder-Narasimhan filtration. In the case 
of V-bundles the Harder-Narasimhan stratification is naturally relined 
according to the full topological type (p, Z) of the sub-V-bundles which, in 
particular, depends on their isotropy -representations at the ramification 
points. This refinement corresponds to Nitsure’s intersection matrices as 
explained in the previous section. We use the same notation I as for inter- 
section matrices for these additional data. It turns out that this refinement 
agrees with the decomposition into connected components. Theorem 7.7 
below implies inductively that each stratum is either empty or connected. 
The (complex) codimension d,, I of %P,1 is finite and only depends on p, 
I as calculated in Section 4. To compute the cohomology of the minimum 
stratum, which corresponds to the semi-stable stratum gss,, we need two 
finiteness properties [ 1, Sect. 11. 
(i) For every finite subset of {(p, Z)} there are only a finite number 
of minimal elements of the complement. 
(ii) For each integer q there are only finitely many indices for which 
the codimension is less than q. 
In our case (i) follows from the definition of our indexing. The index 
calculation in Section 4 implies (ii). For a fixed index (p, I) let G,, . . . . G, 
be the successive quotient of sub-V-bundles. For a holomorphic structure 
in gP,, they are semistable V-bundles. Let (pi, Zi) be the index of Gi. Then 
we find from the argument in [l, Sect. 71 that the pairs 
give the isomorphic equivariant cohomology. Similarly the arguments of 
[l] generalize to this situation and establish the following theorem. 
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THEOREM 7.7. The stratt>cation ‘&, t is equivariantly perfect (for the 
gauge group). 
This is a consequence of the fact that the action of the stabilizer of a 
point of gPe,., on the negative bundle is sufficiently complicated so that the 
equivariant Euler class of the negative bundle is not a zero divisor. 
COROLLARY 7.8. No stratum has torsion in its equivariant cohomology. 
COROLLARY 7.9. 
P~(%$,) = P,( BF&) - 1 t’“~JPyq$ ,) 
P. I 
= P,(BF&) - 1 t*+ n Py(%p,,,,)’ 
Lb I I 
where P$ denotes equivariant Poincare series for a group 9 and 
d, , = codim VP I. The sum is taken over all strata except qS,. 
Now using induction on the rank of the vector V-bundle, one can 
compute PF(WSS). 
From Corollary 7.4 and 7.8 we can deduce the following theorem. 
THEOREM 7.10. Zf the V-bundle E satisfies 
O#FSE*c,(F)/rk F#c,(E)/rk E, 
then 
(i) every semistable V-bundle is stable; 
(ii) the moduli space of stable bundles is a compact torsion-free 
Kiihler manifold; 
(iii) the moduli space has no odd-dimensional homology if M is the 
Riemann sphere with marked points. 
The Kahler structure in (ii) comes from the “Kahler quotient” of a 
KHhler structure on %E by the action of 3;. 
We are most interested in the rank 2 case. There, if c1 = q, the semi- 
stable stratum corresponds to (q/2, q/2) and lower strata to pairs 
(( 1, q - I), Z) with 21> q and Z = (Ii, . . . . I,). Here, according to the notation 
of [ 11, 1 is the degree of a line V-subbundle L. (In this instance there are 
at most 2 possible choices for each matrix. In the cases we discussed in 
Section 4 the choice of matrix Z corresponds to an element _E, as can easily 
be seen. When the weights are different, that is the parabolic filtration 
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0 c F* c F’ = C* at pi is of length 2, the two possibilities correspond to 
LIpj=F2, L[pj#F2.) 
In exactly the same way as in Section 9 of [l] we can show that 
the moduli spaces of stable bundles with fixed determinant are simply 
connected. 
THEOREM 7.11. If the V-bundle E satisfies 
o#F~$E=c,(F)/rk F#c,(E)/rk E 
then the mod& space of stable bundles of type E with fixed determinant is 
connected and simply-connected. 
In Section 8 we give an alternative proof of Theorem 7.11 when g = 0 
(Corollary 8.4). 
8. STRATIFICATION OF THE MODULI SPACE 
Let M be projective space Pi with marked points pl, . . . . p,. When 
X(M) ~0, we have seen that A4 has some common properties with 
Riemann surfaces with g > 2. On the other hand it still has some properties 
common with P’. For instance we already used the fact that the Picard 
group is discrete as in the case of P’ without marked points. In this section 
we consider parabolic structure, rather than V-structure, to make use of the 
properties of the underlying space P’ and demonstrate that an elementary 
consideration enables us to describe the moduli space roughly. 
Let E be a parabolic bundle over M with some weights. If we forget the 
parabolic structure, then Grothendieck showed that E is just a 
holomorphic vector bundle over P’ and has a decomposition 
ErO(l,)@O(l,)@ ... @cO(l,). 
Without loss of generality we assume 1, < 1, Q . . . < 1,. Here (11, . . . . 1,) is 
uniquely determined by E. We call (11, . . . . 1,) the type of E. 
For a fixed holomorphic vector bundle E of rank r and a fixed collection 
of weights, parabolic structures are parametrized by a product of flag 
manifolds nl= 1 (Iso(C’, E,,)/B,), where Iso(C’, E,,) is the set of linear 
isomorphisms from C’ to EP, and Bi is a parabolic subgroup of G&(C). 
The group Aut E of holomorphic automorphisms of E acts on 
n;= 1 Iso(C’, EJB,. The quotient space gives the set of isomorphism 
classes of all parabolic bundles with given type and weights. 
We restrict ourselves to the rank 2 case: E = cO(1,) @ cO(1,). There are two 
kinds of flag: one is C* 3 C 10 and the other is C* 2 0. Let N be the 
number of flags of the first kind in E. 
60719611-7 
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Firstly we consider the moduli space of simple parabolic bundles; namely 
those with automorphism group C *. The definition does not depend on 
weights. 
PROPOSITION 8.1. (i) Zf I, = I,, then the set of isomorphism classes of 
simple parabolic bundles with given type and weights is covered by finitely 
many copies of (P1)N-3. 
(ii) Zf 1, < l,, then this set is similarly covered by finitely many copies 
of (pl)W12-11+2). 
Proof (i) By tensoring with 0(-l,), we can assume that E is a 
product bundle M x C2. Parabolic structures on E are parametrized by 
(P’)” and the automorphism group of E is GE,(C). A point of (P’)” 
represents a simple parabolic bundle if and only if the stabilizer of the point 
is C* c GE,(C). For any distinct three points of P’, there is a unique 
element of GL,(C)/C* which moves these points to 0, 1, co. Hence simple 
parabolic bundles are given by 
(v-1, ..., XN) E (p’JN: 1 (x,, . . . . &}I 2 3)/G&(C). 
The quotient of 
w- ~,...,XN):X~#X~#X~#X~) 
by GL,(C)/C* is identified with { (0, 1, co, X4, . . . . X,)} E (P1)Np3. Similar 
quotient sets cover the whole space. They have a large common subset 
{(xl, . . . . x,): x, > . . . . X, are all distinct )/GE,(C), 
which implies that patching maps among them are birational equivalences. 
(The whole space is not Hausdorff.) 
(ii) When 1, < l,, the automorphism group of E is 
: cr, c2eC* and fET(O(l,-1,)) 
Note that Aut E preserves &‘(I,) c E = Lo(1,) @ @(I,). For any distinct 
(1,-l, + 1) points of M, the restriction map from T(cO(l,-1,)) to the 
product of fibres on these points is an isomorphism. Hence for a point of 
the product of flag manifolds to correspond to a simple parabolic bundle, 
it is necessary that at least (12 - 1, + 1) flags lie outside of &‘(I,) c E. For 
such a point, the stabilizer of the Aut E-action is conjugate to a subgroup 
of 
{(; ;)}=c*xc*. 
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If we fix an isomorphism P(E,,) g P’, so that the line 0(2,), maps to 0 E P’ 
and the line 0(/,), maps to co E P’, then we have shown that simple 
parabolic bundles are parametrized by a subset of 
w 1, . . . . X,) E ( P’)N: 1 (i: Xi # co } 1 2 I, - I, + 1 }/Aut E. 
The quotient of 
w- ,) . ..) X,): xi # co for 16i<12-I,+ 1) 
by Aut E is identified with the quotient of 
((0, ...? 0, X/*-l,+2 . . . . XN,) 
by C* x C*. The stabilizer for the C* x C*-action is C* if and only if 
Xi#O, cc for some i. The quotient of 
{ (0, ...? 0, x,2-,, + 2, ..‘, x,1: x,, - ,, + 2 z 0, -CzI >
by C* x C* is identified with 
((0, . . . . 0, 1, x,2-,,+3, . ..) X,)} Z (P’)N-“2p”+? 
Similar quotient sets cover the whole space. For instance 
{ (0, ..., 0, 0, 1, x,2 ~ ,, + 3, . . . . J-N,> 
and 
((0, . . . . 0, 1, 0, x&1,+3, . . . . x,,} 
give the same quotient subset, and the quotient subsets of 
WY ...Y 03 1, x,2--/,+3’ x,z-/,+‘l? ..., X/v,) 
and 
{a ..*2 0, x,*-r,+27 1, x&1,+4, . . . .x&4> 
have a large common subset 
which again implies that patching maps among them are birational 
equivalences. 1 
We denote by 9’(I,, I,) the set of isomorphism classes of simple 
parabolic bundles with given type and weights. The proposition above 
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shows that Y(1,, 12) has a structure of locally Hausdorff analytic space 
covered by finitely many projective spaces and “rational.” 
Suppose E -+ M x T is an algebraic family of type (I,, &)-simple 
parabolic bundles parametrized by T. Then we have a set theoretical map 
f: T + Y(l, , I,) classifying isomorphism classes of parametrized bundles. 
We shall show that ,4p(1,, f2) is a coarse moduli space in the following 
sense. 
PROPOSITION 8.2. For each projective space appearing in Proposition 8.1, 
the map f gives rise to a rational morphism from T to the projective space. 
Proof. Suppose 1, = I,. We assume I, = 1, = 0 without loss of generality. 
We denote by rc: Mx T+ T the projection onto T. Ron,(E) is a rank 2 
locally free sheaf on T. We take two generic rational sections, then these 
give an algebraic trivialization of R’rc*(E) on a Zariski open subset, which 
in turn gives an algebraic trivialization of ,? on a product of A4 and the 
Zariski open subset. Therefore we can assume E= (M x T) x Cz without 
loss of generality. In this case T parametrizes flags (Xi, . . . . X,) E PN. Hence 
it suffices to show that the quotient map 
which maps (X,, . . . . X,) to (gX,, . . . . gX,) for ge CL,(C) such that 
gX, = 0, gX, = 1, and gX, = cc is algebraic, which is well known. 
Suppose I, < 12. A similar argument is applied as follows. If we take 
generic sections of Ron, (O( - 1,) @E) and Ron, (O( -I,) 0 E), then we 
have an algebraic isomorphism between E and (O(1,) @ cO(l,)) x T on a 
product of h4 and a Zariski open subset of T. Therefore we can assume 
E= (0(/i)@ 9(1,)) x T. Then what we need is that the quotient map in the 
proof of Proposition 8.1 (ii) is algebraic. Let (X,, . . . . X,) be a point of 
(P’)” satisfying 
X;#co for 16i612-11+1 and X,~~,,+Z#O,~ 
There is a unique element 
E AWO( Lo(M) 
such that gX, = 0 for 1 < i < I, - I, + 1 and gX,* _ ,, + 2 = 1. Then the quotient 
map is given by 
(X, 3 ..., X,)H (gx,z-,,+3T ...> gX/v). 
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As the restriction map from r(O(1, -li)) to the product of libres at 
PI 3 “‘9 PI, - I, + 1 is a linear isomorphism, the assignment of g for 
Gf, > . ..Y x, - II + 2) is an algebraic map, hence the quotient map is also an 
algebraic map. 1 
Now we return to stable parabolic bundles. Let JV’ be the moduli space 
of stable parabolic bundles with given degree and weights as before. We 
denote by I the degree or the first Chern number. Parabolic degree is the 
sum of I and all weights. From [ 17, Theorem 4.11 (which holds), JV has 
a structure of a quasi-projective variety of dimension 
r2(g- l)+ 1 +CdimHi=2*(0- l)+ 1+ i 1 =N-3, 
,=I 
where r = rank, g = genus, and dim FI, is the dimension of the flag. We 
assume NB 3, otherwise J’ is empty. Moreover we restrict ourselves to 
the case that semi-stability implies stability. Then ,/lr is a nonsingular 
projective variety. 
We can construct a universal bundle on M x JV as follows. In [ 171, J” 
is constructed as a quotient space of a larger space -2 by a reductive group 
G. There is a G-equivariant universal bundle over M x 2. In general the 
stabilizer of a point of M x 2 does not act on its libre trivially, hence we 
can not divide the bundle to get a quotient bundle. We need a bundle such 
that the stabilizer acts trivially on the libre. 
Let Ei, be the one-dimensional subspace which appears in the flag of 
E,,. The collection of Ez, for all points of 2 gives rise to a G-equivariant 
line bundle on p. We denote it by the same notation Ei,. Then as a stable 
parabolic bundle is simple, the tensor product of the universal bundle on 
Mx 2 with (si,))l has the required property. The quotient bundle is a 
holomorphic vector bundle over a nonsingular projective variety Mx JV, 
hence is an algebraic vector bundle from GAGA. This construction is 
closely related to the remark after the proof of Proposition 7.2. 
Now we can prove the rationality of JV’. 
THEOREM 8.3. Let JV be a moduli space of stable parabolic bundles over 
M= P’ with given degree and weights. Suppose that semi-stability implies 
stability. Then N is a rational nonsingular projective variety if it is not 
empty. 
Proof Let N be the number of nontrivial flags as before. Let I be the 
given degree. We denote here by E the universal bundle over M x N con- 
structed above. We first consider the case that 1 is even. For a point v E N, 
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the restriction of E on M x {v} gives a stable parabolic bundle E(v). The 
cohomology H”(O( - (l/2)- l)@E(v)) vanishes if and only if the type of 
E(v) is (l/2,1/2). The semi-continuity of dimension of cohomology implies 
that the subset Jr/-, of JV consisting of type (1/2, l/2) stable parabolic 
bundles is Zariski open, it it is not empty. From Proposition 8.1, the com- 
plement JV - No has dimension strictly less than N- 3. Hence No is not 
empty provided N is not empty. On the other hand take one of the 
(P1)N--3’s which cover Y(l/2,1/2). As semi-stability is an open condition 
for the Zariski topology [23] and the set of stable bundles is Zariski open 
in the moduli space of semi-stable bundles modulo a certain equivalence 
relation [ 17 ], stability is also an open condition for the Zariski topology. 
(In our case, we assumed that semi-stability is equivalent to stability, so the 
second argument is not necessary.) Hence the subset Ji of (PI)-’ con- 
sisting of stable parabolic bundles is Zariski open. There is a set theoretical 
map from Ni to MO. As JV is a coarse moduli scheme [ 17, Remark 4.61, 
this map is algebraic. Conversely, Proposition 8.2 implies that the natural 
map from No to Y(1/2,1/2) induces a rational map from No to N,. 
Therefore No and N, are birational and hence N is rational. 
If 1 is odd, we consider stable parabolic bundles of type 
((1- 1)/2, (1+ 1)/2). Then a similar argument can be applied. 1 
COROLLARY 8.4. JV is connected and simply connected ifit is not empty. 
This is a special case of Theorem 7.11. 
Let N(l,, /*) be .Af n Y(l, ,lZ), where Ii + l2 = 1. By a similar argument 
using the semi-continuity of dimension of cohomology and Proposition 8.2, 
we can show the following. 
PROPOSITION 8.5. Suppose 1, + 1, = 1 and 1, d 12. 
(i) ha0 &‘-(I, - k, 1, + k) is a Zariski closed subset of JV. 
(ii) X(1,, 12) is empty or a rational quasi-projective variety of 
dimension N - 3 if 1, = l2 or N - (12 - 1, + 2) if 1, < 12. 
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